Tim loi giai cac bai toan 4t ding thrc, GTLN-GTNN king dr doan diu bing

TIM L Ol GI Al CAC BAI TOAN B AT PANG THUC, GTLN — GTNN
NHO DU POAN DAU BANG
1. Bat ding thic Cosi ,
a. Batdang thic Coésicho 2&
Cho 2 6 a,b> 0 Khi d6 a+ b> 2/ ab Diu “=" xay ra khi a = b.

b. Bt ding thic Cosi cho 3&

Cho 3 $ a,b,c> 0 Khi d6 a+ b+ c> 3/ abc Ddu “=" xay rakhia=b =c.
Nhén dang: q )
- Tim GTNN daia ©ng khi bkt tich.
- Tim GTLN aia tich khi bét tong. 7 7
- Chirng minh ong Isn hon tich, tich chiadng (ng binh plrong,...).
- DUng nlap céc éng, Bng nghich dao,... thanh rot.
Cé&c BDT co hdn lién quan hay dung:
1. a’+ b?> 2ab DAu “=" xay ra khia = b.
2. a®+ b+ > abr be ceDiu“="xayrakhia=b=c.

3. a2+b2+c22%(a+ b- §°> ab be c Diu“="xayrakhia=b=c.

4. Véia, b>0.Taco(a+ b)(£+%j2 4.Dau “=' xay rakhia = b{hay 1,1, 4 j .
a

5. V6i a, b, ¢ > 0. Ta co:(a+b+ c)(i+—l+—1jz 9 Diu “=" xay ra khi a = b = ¢

a b c
( 111 9 J
hay —+=+-> .
a b c ar b+

Y ngha cia cac BT 4, 5 1a cho phép ta @p cac phan & thanh nat do do rat thudn loi cho vige
xét ham i mét dn.
2. Bat diang thirc Bunhiacopxki-BPT tri tuyét doi

Trong chrong trinh thidai hoc chiing ta chdugc 4p ding BDT Cdsi 2 hac 3 $ khdng am va
BDT Bunhiacopxki cho 2ap 3.

lab+ a, b < ( &+ 8)( b+ B

DAu “=' xay ra khi%:% (Néu b5 | | thi én thém>0 nira).
1 2

Nhén dang:

- Tong céac ap  c6 tich khongibi.

- Tong binh plrong king mbt s khéngdoi.

Ung dung:

- Nhap céac 6ng binh plxong thanh nt.
3. Khao sat ham $

Khi tim GTLN, GTNN cac em tiwong mic phai sai Bm phb bién trong véc tim gia ti cia bién tai
cacdiém dat GTLN, GTNNd0 la: thrc hién lién tép nhéu buéc danh gia noing diu “=" tai mdi budc
la khdng nlr nhau dad6 khong co du “=" dé xay radang thrc cui cung. Xét bai toan:

Tim GTLN @a f (x) =sin® X ++/3 cosx. c6 un gigi nhu sau:

Chi can xét x € {Oﬂ Ta co:sin® x< sinx suy ra:f (x) <sin X +~/3cosx.

Mt khac: sin x++/3 cos x= ZsirE »gjs z

Vay maxf(x) = 2. . ) 7
_ Nhdn xét: Bai gii trén khongdung, doda sai am trong tim du “=". f(x) khong tré dat gia ti
bang 2dugc vi dé téi BDT cuoi ching tada thrc hién 2 phép Hin:

- Lan 1: sin® x< sin x; dau “=" khi x =0,X=g.
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- Lan 2: Zsin( x+gjs 2: diu “=" khi x :%.

Nhu vy, khi thec hién mbi budc bién di ta throng tr dit ra cau bi:

- Khi theee hién cac g bién doi nhee vy thi liéu ddu “=”" c6 dat diroc ¢ biréc cwi cuing khdng?

- Panh gia ntr thé ndodé co thé dra vé vé con ki diroc hay khdng?

Mic du bai toan cé ththuc hién lién tép nhiéu budc bién d6i nhung dé diu “=" dat duogc thi o
mdi budc diu “=" ciing phii gidng nhr diu “=" & ding thic cWi cung. Vdy thi ti sao ta khéng
dodn turéc ddu “=" ¢ wa BPT (hajic gia ti ma wi dé biéu thic dat max, min) &i tir d6 mvi dinh
huréng phrong phapdanh gia? Bay la mdt cach phan tich tindil giai ma tdi mun gi6i thiéu. Bé co
hudong suy nghddng ching ta tirc hién cac lxéc phan tich sau:

Phén tich — Tim bi gidi:

1. Dy doan diu “=" cua BDT hay caaliém ma ai d6 dat GTLN, GTNN.

2. Tur du doan diu “=", két hop vsi cac BDT quen théc, dr doan phépianh gia. Mi phépdanh
gia phii dam bao nguy@nic diu “=" xay rao mdi budc nay phi gidng nhr diu “=" du doan phi dau.

Dé lam rd, t6i xin phan tich cach suy righm [oi giai trong mt vai vi di sau:

Cac vi du:

Vidu 1. (PH 2003-A). Cho X, y, z > 0 thhomén:x+y+z<1. CMR:

P=\/x2+i2+\/y2+i2+\/22+—12 >./82,
X y z

Phéan tich:
B1. Dy doan du “=": x=y=2 :%.

~ B2.Pé lam mit diu cin, ta c6 th suy nghi theo 2 lréng: mit diu cin ¢ ting  hang hdic nhap
dau cin 6 moi 6 hang thanh mt. ’
1. Neéu suy nghitheo hrong mat dau cin ¢ trng $ hang ta dung BT Bunhiacopxki:

%

2.

2

X +X—12 & dang ®ng hai binh phong — BPT BCS — ta dn tim:

\/[x2+x—12j([?]+[’?]) > .. D4u “=” cua dr doan bandiu la x:% va diu “=" cta danh gia

BDT BCS la: =9:1. Ta timduoc:

X X |-

2 . s 3
:7'). Nhu vay 2 $ con hi can dién s cé i 1€ 3:

Wl

\/(x2+i2J(12+92)2x+2. Tuwong tr Vi y, z va ong hi, ta duoc:
X X

P.\/§22g+g+§+ X+ Y+ z
z

Xy
Vé phai 1a tbng cac phandsquen (BDT Cosi)
l+—1+—12 9 . (DAu “=" van dam bio) — 82P> x+ y+ z+ = f(f)= t+il
Xy Z X+ty+z X+y+z t

(véi t = x +y + z(0< t<1)). Khao sét ham tatugc dpcm. (Toi day c6 em ding BT Cosi
t+8T1218 khong thudugc két qua vi da vi pram nguyénic diu “=").

I}Iéu suy nghitheo lréng nhip cac du an:
O mdi dau cin 1a cang binh plrong — tong 3do dai aia 3 véob.

Du doan diu “=" khi x:y:z:%. Khi d6 véct ﬁ:[x;l),?/:[y;ij ,Vv:[z;—lj cling
X y
hudng dugc, trc ding thirc sau Ry ra duoc:
2
L e e — » (11 1
Ul +|V+|W = |u+ v W=, [(X+y+2) +| =+=+=] .
e e

Ta6i day thec hién cac ledc phan tich nin 1.
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Khi thay dr liéu x+y+z<1 bing dr liéu khac, ciing han: x+y+z< 2 thi & phai bai toan nir
thé nao?

Vi du 2. (DBDBH - 2003). Tim QTLN, GTNN@: P=sir? x++/3cosx

Phén tich: Ta thay P chra ndt an x, suy nghdau tién dia ta throng la dungdao ham. Tl dao
ham: f'(x)=5sin’ x cos x-~/ 3sin x

- Chang ta tléy c6 mbt nghiém la sinx = 0 nking cac nghim con hi ta khong ti tim dugc. Nhur
vay huong gii quyét khi dao ham toc tiép 1a khong kh thi. Nhung quaday cho taduw doan dwec cac

diém ma wi do dat GTLN, GTNN s |a cacdiém lam sinx = 0 (thong thi caadiém dat max, min 1a
cacdiém t6i han cia ham 8).

- Tur diéu nay, khi ta Hin di va sr dung cac it dang thic dé danh gia phi ludn ludn c6 du
“="tai cacdiém lam sinx = 0.

- Mudn dua v mdt 4n t, tadit t = cosx, niing sin® x khéng chugn \é t duoc — danh gia
sin® x dé ha mot bac (sin® x,sir’ x,.. thi dua W t = cosxduoc). Phdi danh gia nhe thé ndo @é dau

“=" 6 duwgc khisinx = 0— sin® x< sir* x— Khi do: sin® x=(1~ 12)2 .
f(x)<g(t)=(1-) +3t te[- 1]
- g'(t)=+3- 41(1- ) — ham kc 3 nhing khong nm duoc nghgm duoc (thir bim may xem

c6 nghém trong [-1; 1] - khong c6 nglim — ¢'(t) chi mang du, danh gia g’(t)dé ching minh
g'(t) c6 mit ddu — dung BDT haic dao ham.

- g"(t)=12f-4,9( )= 0= t:+% Lap BBT haic dé y rang g'(+1), g( ;)>O:>

g'(t)>0,vte[-1] Suy ra: maxg(t) = g(1nn dam hio diu “=" nh w ¢ trén).

Vi _du 3. (PH 2004-A). Cho tam giac khéng t0 ABC, thoman diéu kién:
cos2A+ &/ 2cosB & 2cos€ Tinh cac gocita tam giac.

Phan tich: 7

Bai toan yéu au tinh 3 goc trong khi6 thi cho ndt dang thrc rang béc nhr vay chi cd cach dung
BDT dé danh gia nit vé Ion hon haic bing & con hi.

- Du doan diu “=": B=C=45 va A =90°. (B, Cddi xaung nén ¢ doan B = C, B sd cosB la
2.2, tir day dr doan B = 48, thi vao thiy thoa).

- Ta thyc hién bién ddi quen thiéc: cos B+ cosG= 2CO§£—C ceBsz—C voi du doan B = C thi

cosB;zczl, ta c6 tk danh gid cosB + cosC d chuy¥n w mdt an:

cosB+ cos G ZCOE;—C si%s 25%

- Vay: cos2A+ MZsinAE— 2 (
Day |a bai toan @t 4n ta c6 th:

H1: bat t:sinA (te(OﬁD chuyén
2 2
f(t):[2(2t2—1)2—1}+ a2t = 8t- gt+ 4 2t

f'(t)=32¢-16t+ 4/ 2> khdng gii dugc nghtm, (m may tim ngtém te[o;%} thiy

khong c6 ngiim — f(t) chi c6 mt diu — (t) lap BBT suy ra duoc

f'(t)=0,vt=f(t)<f (%}:3.
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H2: Panh gia cos2Aié giam bot bac, cé tté phan tich theouvng: cos 2A= 2coé A- 1 Véi du
doan diu “=" khi A =90° & trén, ta co thdanh giacos A nhu thé nao?Panh gid:cos A< cosA (dé
dam bao diu “=" xay ra khi A =90°).

- Thuduoc: cos A+ 4\/_23in%— 2 (hay: —25in2%+ 4~/_25inAE— 4 C

2
Suy ra:—(\/isin%— 2) > 0= sin%:ise

Vi du 4. (PH Mo Dia CHit — 99). Ga sir A, B, C la 3 goc ¢a mdt tam giac. Tim GTNN:
1 1 1
= + + .
2+C0S2A 2+ cos2B 2 cos2(

Phan tich: i ) )
- Du doandiém dat GTNN: thir mot 0 gia ti dac biét va dr doan A = B (A, Bddi xang)

A, B 15° 30° 45 60°

P 4 +Z 6 4 26

443 3 5 3 15

Véi du dodn A =B =30°,C= 120
- Véi gia ti du doan tadé y:
2+C0s2A= 2+ cos2B 2 cos2(va éndanh gia>. Diéu nay tring vi cach nlap cac phané
trong BDT Cési:
- Vay: P> 9 = Q.
6+ cos2A+ cos2B- cos2C
- Muc tiéu bay g¥ la di chang minh:

R = cos 2A+ cos2B- cos 2@% (gia tii tai diém du doan, chtu < dé dam bao ng)
- Biéu thac cia R chira tHng quen théic cia tam giac:
cos2A+ cos2B- 2cads A B .cgs A )B-— 2cps-A )B coivacos2C= 2cos G !
Vay R=-2co{ A- B .cosG 2cds €
- Téi day, co6 2 suy ngh
H1: Khi A =B =30° xay ra thi cog A- B)=1va cosC:—%:——; co$ A- B Tilé nay gbng t
I¢ phan tich thanh binh pbng trong béu thic cia R. Ta tit phan tich:

2

R:—Z(COSC—#—% cop A 5&) + }—; cég A Bg—;’ bay la mic tiéu dn di téi.

H2: Panh gia Rdua v mdt 4n. Theo d doan thi cos(A — B) = 14y radugc. Vay ta codanh gia
quen théc: cos( A- B) < 1. Néu nhan cosC vao 2éva gip sai hm vi chra bét diu cosC. Ta tranh
bing cach:-cos( A- B) .cosG<| cos A B cos|@| co$ (diu “=" dat duoc tai cacdiém dy doan).

2
Vay: R<-2co$ G+ 2cosfa :l—U co#@%) +—2s—2 (haac xét ham).

Vi du 5. (DHSP Ha Ni — 99). Chox,y,ze[0; Ching minh &ng:

2(x+y*+2°)—(XPy+ yoz+ X< 3

Phéan tich:
- Dudoan diu “=": hai S bang 1 con 18 bing 0 hdic x =y =z = 1.
- Vi du doan trén lam thnaodé xuét hién duoc Vé trai ?Dé lam xuft hién x%y ta thr xét tich:
(1— xz)(l— y) = 0 (ddm bio diu “=" nh w dw doar) hay: x’y +1— x*—y> 0. Thuc hién trong
tu nhu trén ta co:
yz+1-y?—-2z>0, Z°x+1-Z-x>0.
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- Néu cdng 3 ¢ ta gin dugc BDT cin ching minh, ch thay 2(x*+y*+2°) bang ©ng:

x> +y?+2°+ x+ y+2z. Vi gia thiét x,y,ze[0;1 thi ta c6 th so sanh cac juthira Wi bac khac nhau,
do d6 c6 ti so sanh haidhg trén: x® <x?<x; y®<y?<vy; z°< z?< z. Cong cac BT taduoc dich
can 16i.

Vi du 6. (DH — A — 2005). Cho X, y, z la c4é duong tha: mant+lidog Ching minh &ng:

X 'y z
1 + ! + ! <1.
2X+Y+Z X+2y+Z X+ y+ 2z
Phéan tich:
- Dy doan diu “=" x:y:z:%

- Vi du doando thi 2x =y + z, X + 2 = 2y, X + y = 2z;dinphan $ ¢ vé phai bay giv gidng v
phai cia BPDT nhap phan 6 quen thgc ¢ thic thi 4 aia chiéu “Casi”.
- bénh gia:

111 1) 1 11 1) 1 1,1
2x+y+z 4 2x y+z) x+2y+z 4 2y x+2z) x+y+2z 4 2z x+y)

- Véi du doan x = y = z ta c6 thdanh gia: ! si(—lJr—j,... cong cac BT nay taduoc

dpcm. .
Vidu 7.Cho X, y, z> 0 thdméan xyz = 1. Ciing minh &ng:

3 3 3 3 3
JI+ X +y +\/1+x +Z +\/1+y3+z >33,

Xy Xz yz
Phéan tich:
- Dydoandu“=":x=y=z=1.
- Véi du doén nay thil: =y?, & mdi phan $ ta thy déu cé ding ng chia tich, ta dung Cési

dé danh giadua \é tich:

\/1+x3+y32 [33/)(3)/3=\/3—Xy:>\/1+x3_|-y3Z 3xy= \/é;

xy Jxy
w/1+y3+z3 . V3 m
Wz’ zX J_
V3 V3 V3
Suy ra:VT > \/_ \/E \/_x
- Két hop i gia thiét va \6i du doan diu “=" thi /xy =./yz =+/zx. Piéu nay trung ¥i diu
hiéu caa BDT Cdsi, dodé dung BDT Cési taduoc:

yrad3 BB stfsfs Jo3)
BTN AR e |

Qua céc vi d trén chang ta ly duoc tim quan tong aia viéc danh gia, d doan diu “=" xay ra o
cac BDT. Ngoai vic tranh cho ta riing sai im thuong dip trong qué trinh tim GTLN, GTNN thiag
du doan diu “=" con cho chung tainh hréng dugc phrong phap cting minh (cac cacldanh gia la
hoan toanit nhién chir khéng phi ‘tir trén toi roi xudng’). Xin moi cadc em 4n dung vao cac baap
sau:

1. Bai t dp dé nghi:

1. Tinh cac gocim tam giac ABC It ring:

a. sin® A+sin’ B+ 2sin Asin B:%+ 3cos€@ cis

b. cosA+ cosB- cose—£+ 23%+ 409';5 cest
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2. Tim GTNN @a P= 3sin x+ 8co§ x
3. Chox,y, z> 0. Ging minh &ng: 3x+ 2y+ 42>/ xy+ 3/ yz+ & zx
. b (o 3/3
4. Choa, b, c>0thanana’+ b*+ ¢ =1 Chang minh: a . + > }
g P+ Crd 2+ B 2

5. Cho tam giac nim ABC. Ching minh:(1+ ! j(h ! j(l—‘r ! 32 27
COSA cosB cos

6. Cho38x,y, z>0sao cho xy +yz + zx = xyz. @ty minh &ng:
2 2 2 2 2 2
\/2x +y +\/2y +z +\/22 + X > /3.

Xy yz ZX
7. ®H—-A-2005). Chox,y,z>0 thmnén:1+£+—1: 4. Chang minh &ng:
Xy z
1 1 1

+ + <1.
2X+Y+Z X+2y+Z X+ Y+ 22

8. (®H - D —2005). Cho x, y, z > 0 thayz = 1. Cling minh &ng:
3 3 3 3 3
JI+ X +y +\/1+X +2 +\/1+y3+z >33,
Xy Xz yz
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