Chuyén dé 15:

HINH HOC GIAI TICH TRONG
KHONG GIAN

A. KIEN THUC CG BAN:

PHUONG PHAP TOA PO TRONG KHONG GIAN
TOA PO PIEM - TOA PO VEC TCO

1. Hé truc toa do Df:]-CAC trong khong gian

X OX : truc hoanh
y'Oy : truc tung
720z truc cao

O :gbctoa do

e,e,,e3: véc td don vi

Quy uéc : Khong gian ma trong dé c6 chon hé truc toa do Pé-Cédc vudng géc Oxyz dudc goi 1a
khong gian Oxyz va ky hi€u la : kg(Oxyz)
I1. Toa db clia mét di€m va ciia mot véc to:

1. Dinh nghia 1: Cho M € kg(Oxyz). Khi d6 véc t6 OM dudc bi€u dién mot cach duy nhat theo

e,,e,,¢, bdi hé thic c6 dang : OM = xe, + ye,+ ye; véix,y.zeR.

Bo s0 (x;y;z) trong hé thic trén dudc goi 1 toa do cla diém M.

( x: hoanh d6 ctia di€ém M; y: tung d6 ctia diém M, z: cao dd ciia diém M )

dln

< OM =xe +ye, +ze;

M
y Ky hiéu: M(x;y;z)
(@]
M(x;y;2)
e Y nghia hinh hoc:
Z
R M,
M, z M —

;yzO—Q : z=0R
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2. Pinh nghia 2: Cho ae kg(Oxyz) . Khi d6 véc to a dudc bi€u di€n mot cach duy nhit theo
61,62,63 ¢, bdi hé thiic ¢6 dang : a= a,e +azg + a3g vléiaja, eR.
B0 s6 (aj;az;as) trong hé thifc trén dugc goi 1a toa do clia véc to a .

Ky hiew:  a=(a;a,)

N d/n . . . .

IL. Céc cong thitc va dinh 1y vé toa d6 di€m va toa dd véc to :
= Pinh 1y 1: NEu A(x,;y4:24) V2 B(xp;yp:25) thi

AB=(xp—X4;Yp—Ya>2 —24)

= Pinh 1y 2: N&u a=(a;:a,;a3) VA b=(b;by;by) thi

a; =b
* a=b < a, =b,

ay = by
* Zz+13=(a1+b1;a2+b2;a3+b3)
* Zl—l;=(a1—b1;a2—b2;a3—b3)

* ka=(kaskay;kay) — (keR)

II1. Su ciing phudng cia hai véc to:
Nhic lai
e Hai véc to cling phuong 13 hai véc td niim trén cling mot dudng thing hoic nim trén hai dudng

thing song song .
e PDinh Iy vé su cung phuong cta hai véc to:
=" Pinhly 3: Chohaivéctd a va b v6ib#0

a cung phuong b < FkeRsaochoa=kb

N&u a0 thi s6 k trong trudng hgp ndy duge xdc dinh nhu sau:
k >0 khi @ cang huéng b
k<0 khi a ngudc huéng b

‘Z)

= Pinhly4: | A B,C thing hing < AB cling phuong AC
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=" Pinh ly 5: Cho hai véc tg ;lz(al;az;a3) va Ez(bl;bz;b3) ta co :

a cing phuong b < a,=kb, < a,:a,:a;="b:b,:by

IV. Tich v6 huéng cua hai véc to:
Nhic lai:

ab= ‘Zl‘ ‘Z)‘ .cos(Zz,Z))
) -2
@ =ld

alb < ab=0

= Pinh 1y 6: Cho hai véc t6 a=(a;;ay;a,) VA b=(by;b,;by) ta c6 :

a.b = albl + azbz + Cl3b3

=" Pinh 1y 7: Cho hai véc to Zl=(a1;a2;a3) ta co :

‘a‘ =\a’ +a,” +a;’

= Pinh Iy 8: Néu A(x,;y,) va B(xg;yy) thi

AB:\/(XB_xA)2+(yB_yA)2+(ZB_ZA)2
=" Pinh Iy 9: Cho hai véc td a =(a;;a,;a;) va b=(b;;b,;b;) tacd:

= Pinh 1y 10: Cho hai véc t6 a=(a;;ay;a;) va b=(b;;by;b;) ta c6 :

a,b, +a,b, + a;b;

ab
‘aHb‘ \/a12 "‘6122 +a32 '\/b12 + b22 “‘b32

cos(;z, E) =

V. Piém chia doan thing theo ty s& k:
Pinh nghia : Piém M dugc goi 1 chia doan AB theo ty s6 k (k # 1) néu nhu':
MA =k.MB
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= Pinh 1y 11 : N&u A(x,;y,:24) » B(Xg;Vg:25) va MA=k.MB (k #1) thi

Xy = _xAl__kk-xB
Yu = —yAl__k];yB
iy = —ZAl__k]jB
Xy = XA 42‘)53
Picbiét: M Ia trung diém cia AB < |y, =24 er}’B
2y = 2A ;'ZB

BAI TAP UNG DUNG:

Bai 1: Trong Kg(Oxyz) cho ba di€m A(3;1;0), B(-1;2;-1), C(2:-1:3)
Tim di€m D sao cho t gidc ABCD la hinh binh hanh

Bai 2: Trong Kg(Oxyz) cho ba diém A(2:-1;6), B(-3;-1;-4), C(5;-1;0)
a.Chting minh ring tam gidc ABC vudng .
b. Tim toa d6 trong tim G cua tam gidc ABC
c. Tinh do dai dudng trung tuyén ké tir A

VI. Tich ¢6 huéng cua hai véc to:
1. Pinh nghia: Tich c6 huéng cla hai véc td a=(a;;a,;a3) va b=(b;;b,;b;) 1a mdt véc to dugc

ky hiéu : [ZI,Z)] c6étoadodla: 1 2

3
[Zz-lﬂ:(% Bl azj Céch nho: a =33 fn)
by bsy||by by||b b, S 13:(%71;%72;493)
s
2. Tinh chit: N>
° [ZI,B] Lava [Zl;l;] 1b
A
Y e——
o Susc :5.‘[AB,AC] 5/ N -
S, D D'
' S 50] 4
A B
-0 B
* Viscoascp = ‘[AB ;AD }AA‘ C
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« Vien =%.‘[E;E]E‘

- - . A
e gcungphuong b < [a;b]:O

e a,b,c ddng phing < [Zz,l;} <=0

BAI TAP UNG DUNG:
Bai 1: Cho bon diém A(-1;-2;4), B(-4;-2;0), C(3;-2;1), D(1;1;1)
a. Chting minh ring bon diém A,B,C,D khong dong phing
b. Tinh dién tich tam gidc ABC
c. Tinh th€ tich t& dién ABCD
Bai 2: Tinh thé tich tif dién ABCD bi&t A(-1;-2;0), B(2;-6;3), C(3;-3;-1), D(-1;-5;3)

PUONG THANG VA MAT PHANG TRONG KHONG GIAN
I. Cac dinh nghia:
1. Véc td chi phuong ciia dudng thing:
1. VICP ciia dudng thing :

- , w g =0
ala VTCP ctia dudng thang (A) < < _
a c6 gid song song hodc trung vé6i (A)

a
—_—

. Y]

jsbl

Cha y:
e Mot dudng thing c6 vo s6 VTCP, cdc véc td nay cling phuong vSi nhau.
e Mot dudng thing (A) hoan toan dudgc xdc dinh khi bi€t mot di€m thudc né va mot VICP cia
no.
2. Cap VICP ciia miit phiing:

a _
\ }7

s

Cho mit phdng a xdc dinh bdi hai dudng thing cdt nhau a va b . Goi a 1a VTCP ctia dudng
thdng a va b 12 VTVP clia dudng thing b. Khi d6 :
Cap (a,b) dudc goi la cip VTCP ctia mit phing o

Chay:
e Mot mit phing a hoan toan dugc xdc dinh khi bi€t mot di€m thudc né va mot cip VICP cia
no.
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3. Véc to phap tuyé&n ( VTPT) cua miit phang

P

n 1a VTPT cda mit phing « <:> {

31

n c6 gid vudng géc véi mpa

Chua y:
e Mot mit phing c6 vo s6 VTPT, cdc véc td nay cling phuong vdi nhau.
e MOt mit phazlng hoan toan dugc x4c dinh khi bi€t mot di€m thudc né va mot cap VTPT cua no.

4. Céch tim toa dé6 mot VIPT ciia miit phiing khi bi€t cip VICP ciia né:

a=(a;;a,;a
Pinh Iy: Gia st mit phing a c6 cip VTCP 1a : { (1;053.5) thi mpa ¢6 mot VTPT Ia :
b=(b;;by;b5)
R a, alays a|l|a a
n:[a;b]: e I P
by bs||by by |b by

BAI TAP UNG DUNG:
Tim mot VTPT cua mat phﬁng a biét a di qua ba diém A(-2;0;1), B(0;10;3), C(2;0;-1)
I1. Phuong trinh ctia mit phing :
Dinh 1y 1: Trong Kg(Oxyz) . Phuong trinh mit phdng o di qua diém M (xy;y0;2,) va c6 mot
VTPT n=(A;B;C) la:
i n=(A;B;C)

l" A(x—=xp)+B(y—yy)+C(z—25)=0
A M (Y03 22)

Dinh Iy 2: Trong Kg(Oxyz) . Phuong trinh dang :

n=(A;B;C)

oM,

Ax+By+Cz+D =0 v6i A>+B*+C? %0 l

12 phuong trinh tdng quat ctia mot mit phing . X
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e Né&u (a): Ax+By+Cz+D =0 thi () c6 mot VIPT 12 n = (A;B;C) (Oyz)
o My(xy:¥9:20) €(@): Ax+By+Cz+D=0 < Axy+By,+Cz+D=0 z

Cac truong hgp dac biét:
1. Phueng trinh cdc mit phiing toa do:

e (Oxy)z=0 0]
e (Oyz)x=0 (Ox2)
e (Oxz):y=0
2. Phudng trinh miit phing theo doan chin:
A(a;0;0) (Oxy)
e Phuong trinh mat phazlng cit cdc truc Ox, Oy, Oz tai { B(0;5;0) (a,b,c#0)
C(0;0;¢)
la: 2iliiog )
a b c
C
O, b

N A , B
BAI TAP AP DUNG: JM

Bai 1: Trong Kg(Oxyz) cho ba diém A(3:1:0), B(-1;2;-1), C(2;-1;3)
Vi€t phuong trinh mit phang (ABC)

Bai 2: Cho diém A(1;3;2), B(1;2;1), C(1;1;3)
Vi€t phuong trinh tham s6 ctia dudng thing (d) di qua trong tim tam gidc ABC va vudng géc vdi
mit phing chita tam gidc.

III. Vi tri twong ddi ctia hai miit phiing - Chiim mit phéng :

1. Mot s6 quy uéc va ky hiéu:

a2 :tbz
. ~ N (a19a27""an) C 1N L2 1A 40 A s N
Haibd n so : dudc goi la ty 1€ v&i nhau né€u c6 s6 1 #0 sao cho
(by,by,....b,)
a, =tb,
L Len 5 a, a a
Ky hiéu: a:ay:..:;a,=b:by:..:b, hoic L=-21=_=-1
b b, b,

2. Vi tri twong ddi clia hai miit phing:
Dinh Iy: Trong Kg(Oxyz) cho hai mit phing «, # xdc dinh bdi phuong trinh :
(@): Ax+By+Cz+D, =0 ¢6 VTPT n, =(A;;B;;C))
(B): Ayx+B,y+Coz+D, =0 ¢6 VTPT n, = (A,;B,:C,)

r_11
|—-| ~
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B LG hodcQ # ﬁ)

a) cit & A B :C,#A,:B,:C, (hay: —L# Lhoge—L+—L
(@) V) 111222(YAZBZ.BZC2 o A
np o B G D
A2 Bz C2 D2
@=p o 2B G D
A2 B2 C2 D2

Piac biét:
alpf < AA+BB,+CC,=0

3. Chium miit phing :
A

>7/\Q

a. Pinh nghia: Tap hop cdc mit phing cling di qua mot dudng thing dudc goi 12 mot chiim miit

phing .
A goi la truc ciia chum

[ ]
Mot mit phing hoan toan dugc xdc dinh néu biét

[ ]
i. Truc ciia chim

hodc  ii. Hai mit phing cda chim
y: Trong Kg(Oxyz) cho hai mit phing «, # cit nhau xdc dinh bdi phuong trinh :

b. Dinh ly
(a):Ax+By+Ciz+D; =0
(p):Ayx+B,y+Cyz+D, =0
Khi d6 : Mdi mit phing qua giao tuyén cia & va B déu cé phuong trinh dang

(7): MAx + By +Ciz+D)) + u(Ayx + Byy+Coz4+ D)) =0 (A% + 11> #0)

A=0vau#0thiy=p

A#0vau=0thiy=a A
5

Déc biét :
Néud # 0 va u # 0thi y#a va S trong trudng hdp nay

phuong trinh y c6 thé viét dudi dang sau:
I.m(Ax+By+Ciz+D))+(A,x+B,y+Cyz+D,)=0

hodc
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PUOUNG THANG TRONG KHONG GIAN

I. Phuong trinh ctia dudng thing:
1.Phuong trinh tham s& clia dudng thing:
Dinh Iy: Trong Kg(Oxyz) . Phuong trinh tham s6 clia dudng thing (A) di qua diém M, (xy;,;20)

va nhan a= (a;;ay5a3) lam VTCP la :

(A) (A):iy=y, +1a, (teR)
MO

/ M(X’ y,Z) Yy

2. Phuong trinh chinh tic ciia dudng thing:
Dinh Iy: Trong Kg(Oxyz) . Phuong trinh chinh tic cda dudng thdng (A) di qua di€m M (xy; ;o)

va nhan a=(a;;a,;a;) 1am VTCP 1 :

X—X y—=y Z—Z
(A) 0 _ 0 _ 0
a ) a3

3. Phuong trinh téng quat ctia dudng thing :
Trong khong gian ta ¢6 thé xem dudng thing 1a giao tuy&n ciia hai mit phing nao do.

@) Ax+By+Ciz+D;=0 oo
Xem (A)=an f vii ta c6 dinh ly sau.

Dinh ly: Trong Kg(Oxyz) hé phuong trinh:

V01 A :B,:C,#A,:B,:C,

Ax+By+Ciz+D, =0
Ay x+Byy+Cyz+D, =0

12 phuong trinh tdng quat ciia mot dudng thing.
. ):Ax+By+Ciz+D;, =0 (ng=(A;:B;C
Chii §: N&u (A):{( Vi Ax+ Byt Gat Dy (e =(AiBRCD) s (A) e6 mot VICP 1a -
(B):Ax+Byy+Coz+ D, =0 (np=(4;;B,;C))

B, G
B, G

G A
G A

A B
4 By

b

9

a=[ﬁa,ﬁﬂ}=(
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IL. Vi tri tong doi ctia dudng thing va miit phing :
1.Vi tri twong déi clia duong thing va mit phing :

M (A)

N _ _

jsb}

S5 ; A

DPinh ly: Trong Kg(Oxyz) cho :

dudng thing (A):— 9 06 VICP a=(a;;ay;a;) va qua My(xy;Vo:2)

q ) as
va mit phing (a): Ax+By+Cz+D=0 c6 VTPT n=(A;B;C)
Khi do6 :
(A) cdt () < Aa,+Ba,+Cay #0
A) 1 (@) =
Axy+ By, +Czy+D #0
Aa; +Ba, +Cay; =0
A) < ()
a .
Tn
o ren R R
Dac biét: A) L (o) & ajiay:a3=A:B:C
a
s e N . - R 2 N e9 . A N pt(A) N
Chu y: Mudn tim giao di€m M cua (A) va () ta gidi hé phuong trinh : @ tim x,y,z
pt(a
Suy ra: M(x,y,z)
2. Vi tri tuong déi ctia hai dudng thing :
Mo g 4
/ p, A O T,
M,

s

Dinh Iy: Trong Kg(Oxyz) cho hai dudng thing :

(A)): (g y_byo _T% c6 VTCP ;t=(a;b;c) va qua M (xy3¥0520)
a c

(A,): x—'xo = y;yo = Z_,ZO ¢6 VTCP u = (a';b';c') va qua M;)(x;);y;);z;))
a c
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(A)) va (A,) dong phing < Zt,u}.MoMg):o

[ﬁ,;].MOM(') =0

° (AI)Cﬁ’.t (A,) =

a:b:c#a:b:c
o (A) (A, & a:b:c=ay:b':c'¢(x6—x0):(y6—y0)1(26—zo)
e (A) = (A) = a:b:c:a':b':c':(x'o—xo):(y'o—yo)l(Z;)—Zo)

—_—

(A)) v (A,) chéonhau < [Q,M'J.MOM'O;&O

. , . (A
Chi y: Muon tim giao diém M clia (A,) va (A,) ta gidi hé phuong trinh :{p EAI)) tim x,y,z
Pty

Suy ra: M(x,y,z)

I11. Géc trong khong gian:
1. Géc giita hai mit phing:
Dinh Iy: Trong Kg(Oxyz) cho hai mit phing «, f x4c dinh bdi phuong trinh :
(a):Aix+By+Ciz+D, =0 n, =(A;B,;C))
(B): Ayx+B,y+Cyz+D, =0
Goi ¢ 1a géc giita hai mit phang () & (f) ta c6 cong thifc:

cos = |AA, +BB,+CC,|

JA +B2+C2 A2+ B +C2 V
2. Géc gitta duong thing va mit phing:

Xo _Y~Yo 2%

7

Pinh Iy: Trong Kg(Oxyz) cho dudng thing (A): A
a

va mit phing (): Ax+By+Cz+D =0
Goi ¢ 1a géc giita hai mit phing (A) & () ta c6 cong thl’l'% :

o

|Aa+Bb+Cc|

sing =
VA £ B2+ C2 @ +b? 42

3.Géc giita hai dudng thing :

Dinh ly: Trong Kg(Oxyz) cho hai dudng thing :
X=X Y=Y _27%
A 0 — =
(A 5 .
X=X Y=Y _ 2%
(A): —0 =220 _2
? a b c
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U VU oA ) a, = (a;b;c)
Goi ¢ la goc gitta hai mdt phang (A,) & (A,)ta c6 cong thic:

' | , Al
‘aa-+bb-+cc‘
cosp = L
IV. Khodng céch: 0°<p<90°

1. Khoang cdch tit mét di€ém dén mét mit phing:
Dinh Iy: Trong Kg(Oxyz) cho mit phing (a): Ax+By+Cz+D =0 va diém My(xq;Y0:2)
Khodng céch tir diém My d€n mit phing () dugc tinh bdi cong thifc:

M (X035 Yo52Z0)

Ax,+By,+Cz, +D
| (0 ) =50+ B+ Cog

/< Hl_l JA? 4 B? + 2
a

2. Khodng cidch tit mét di€ém d&€n mot duwong thing:

Dinh Iy: Trong Kg(Oxyz) cho dudng thdng (A) di qua diém M (xy;yy;2,) va c6 VTCP
u=(a;b;c). Khi dé khodng cich tir di€ém M; d&€n (A) dugc tinh bdi cong thic:

M, -
/L 0 (A) d(Ml,A)J[MO‘L‘“u]
u

My (X ¥o:2) H

3. Khodng cich giita hai dudng thiing chéo nhau:

Vd

Pinh Iy: Trong Kg(Oxyz) cho hai dudng thing chéo nhau :
(A}) ¢6 VTCP u = (a;b;c) va qua My(xy:Y0:20)
(Ay) 6 VICP u =(a;b;c) va qua My (x5 ¥o:Z)
Khi @6 khodng cach gitra (A,) va (A,) dugc tinh bdi cong thiic
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BAI TAP REN LUYEN

Bai 1: Trong Kg(Oxyz) cho hinh 1ap phuong ABCD.A'B'C'D' véi A(0;0;0), B(1;0;0), D(0;1;0), A'(0;01).
Goi M, N 1an luot 13 trung diém ctia AB va CD.
1. Tinh khodng céch giita hai dudng thing A'C vdi MN

2. Viét phuong trinh mit phang chita A'C va tao véi mit phing Oxy mot géc « biét cosa =

-

Bai 2: Trong Kg(Oxyz) cho diém A(0;1;2) va hai dudng thing :

| . X=1+t
X y- 7+
d:i—=—="—=——-&d, :{y=-1-2t
1y 1 1 2 Y
7=2+t

1. Viét phuong trinh mit phing (P) qua A, ddng thdi song song véi d; va ds.

2. Tim toa d6 cic di€ém M thudc d;, N thudc d, sao cho ba di€ém A,M,N thing hang
Bai 3: Trong Kg(Oxyz) cho di€m A(1;2;3) va hai dudng thing :

dlzx_zz y+2: z—3&d2:x—1: y—1: z+1
2 -1 1 -1 2 1

1. Tim toa do diém A' d6i xtiing v6i di€m A qua dudng thing d,

2. Vi€t phuong trinh dudng thing A di qua A, vudng géc vé6i d; va cit d,
Bai 4: Trong Kg(Oxyz) cho 4 diém A(0;1;0), B(2;3;1), C(-2;2;2), D(1;-1;2) .

1. Ching minh cdc tam gidc ABC, ABD, ACD la cic tam gidc vudng .

2. Tinh thé tich t& dién ABCD.

3. Goi H 1a tryc tAm tam gidc BCD, viét phuong trinh dudng thing AH.
Bai 5: Trong Kg(Oxyz) cho 3 diém A(1;1;2), B(-2;1;-1), C(2;-2;1).

1. Viét phuong trinh mit phing (ABC).

2. Xdéc dinh toa d6 hinh chi€u vudng géc cia di€m O trén mit phing (ABC).

3. Tinh thé tich tt dién OABC.
Bai 6: Trong Kg(Oxyz) cho hai dudng thing:

x=1+¢
x=2y+z-4=0 _
1 VaA,:qy=2+t
xX+2y-2z+4=0
z=1+2¢

1. Vi€t phuong trinh mit phang (P) chita dudng thing A, va song song v&i dudng thing A,
2. Cho di€m M(2;1;4). Tim toa d6 di€ém H thudc dudng thing A, sao cho doan thing MH c¢6 do
dai nhd nhat.
Bai 7: Trong Kg(Oxyz) cho mit phing (P) : 2x-y+2=0 va dudng thing
J - Cm+Dx+(A-m)y+m—-1=0
'{mx+(2m+1)z+4m+2=0

X4c dinh m dé dudng thing d,, song song v4i mit phiang (P)
Bai 8: Trong Kg(Oxyz) cho mit phaalng (P) :x-y+z+3=0 va hai diém A(-1;-3;-2), B(-5;7;12)

1. Timtoa do di€m A 12 di€m ddi xing véi di€ém A qua mit phing (P)

2. Gia sit M 1a di€m chay trén mit phing (P). Tim gi4 tri nhd nhat cia bi€u thitc : MA+MB

.. . ) 2x+y+z+1=0 )
Bai 9: Trong Kg(Oxyz) cho dudng thang A: va mdt phang (P): 4x-2y+z-1=0

xX+y+z+2=0
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Viét phuong trinh hinh chi€u vudng géc cia dudng thing A trén mit phing (P).
x—az—a=0 {ax+3y—3=0

Bai 10: Trong Kg(Oxyz) cho hai dudng thing: d, :{ vad,: 36
x=3z-6=

y—z+1=0
1. Tim a d€ hai dudng thing d, va d, cit nhau
2. V6ia=2, viét phuong trinh mit phang (P) chita dudng thing d, va songsong vdi dudng thing
d;. Tinh khoang cach gitra d; va d, khi a=2
Bai 11: Trong Kg(Oxyz) cho hinh hop chit nhat ABCD.AB CD c6 A triing véi gdc toa do,
B(a;0;0).D(0:a;0), A (0;0;b) (a>0,b>0) . Goi M 12 trung di€m cta canh CC .
1. Tinh thé tich khdi t dién BDAM theo a va b

2. Xdc dinh ty s6 % d€ hai mit phazlng (A’BD) va (MBD) vudng géc v4i nhau.

Bai 12: Trong Kg(Oxyz) cho t& dién ABCD véi A(2;3;2), B(6;-1;-2), C(-1;-4;3), D(1;6;-5). Tinh
gbc giita hai dudng thing AB va CD . Tim toa d6 diém M thudc dudng thing CD sao cho
tam gidc ABM c6 chu vi nhd nhat.

Bai 13: 2. Trong khong gian v6i hé toa do P& cdc vudng géc Oxyz cho hai dudng thing

x _y+l z . [3x—z+1=0
hiT=7% =7 " b '{2x+y—1=0
1. Chitng minh ring d;, d; chéo nhau va vudng géc vdi nhau.
2. Viét phuong trinh tdng quit cia dudng thing d cit cd hai dudng thing d;, d, va song song
x—4 y-T7 z-3
1 4 2
Bai 14: Trong khong gian vé6i hé truc toa dd Pécdc vudng géc Oxyz cho tir dién OABC véi
A0:0; a/3), B(a;0;0), C(0; a+/3 ;0) (a>0). Goi M 12 trung di€m ciia BC. Tinh khodng
cich giita hai dudng thing AB va OM.

Bai 15: Trong khong gian vdi hé truc toa d6 Pécic vudng géc Oxyz cho hai diém A(2;1;1),

3x-2y-11=0

y+3z-8=0

1. Vi€t phuong trinh mit phang (P) di qua trung diém I ctia AB va vudng géc véi AB. Goi K 1a
giao di€ém clia dudng thing d v mit phing (P), chiing minh riing d vudng géc véi IK.

2. Vi€t phuong trinh tdng qudt ctia hinh chi€u vudng géc cda d trén mit phing c6 phudng trinh
x+y—-z+1=0

Bai 16: Trong Kg(Oxyz) cho hai dudng thing :

1 y42
(dl):x—=&=§vé(d2):{

v6i dudng thing A:

B(0;-1;3) va dudng thing d : {

x+y-z+2=0
3 1 x+1=0

Lap phuong trinh dudng thing A qua M(0;1;1) sao cho A vudng géc vdi (d) va cit (dy).
Bai 17: Trong Kg(Oxyz) cho hai dudng thing :

(dl):x3+1:y_+23:z_—12 va (d2):{

1. Chitng minh d; va d; chéo nhau.

2. Tinh khodng cach giita hai dudng thing trén.

3. Lap phuong trinh dudng thing A qua M(-4;-5;3) sao cho A citca d; va da.
Bai 18: Trong Kg(Oxyz) cho dudng thing (d) v mit phing (P) c6 phuong trinh :

x+1 y-1 z-2
d): = = va (P):x-y-z-1=0
(d) 5 5 3 (P):x-y

3x-2y—-8=0
S5x++2z-12=0
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Lap phuong trinh dudng thing A qua A(1;1;-2) saocho A L d va A//(P).
Bai 19: Trong Kg(Oxyz) cho hai dudng thing :
x=1 y+1 z x=2y+z-4=0
d)i—=——=-va(d,):
(d): 2= =" =T v dy) {
va mit phing (P):x+y+z-1=0.
Lap phuong trinh dudng thing A saocho A L (P) vd A citca hai dudng thing d; va d,.
Bai 20: Trong Kg(Oxyz) cho dudng thing :
x—1 -2 7z .
(d):—=2

2= =2 vadiém I(2;-1;3)
2 -1 3

Goi K 13 di€ém ddi xtng ctia I qua (d) . Tim toa d6 diém K.

Bai 21: Trong Kg(Oxyz) cho dudng thing :

(d):%:y—_1=$ va di€m A(1:2:1)

2x—y+2z+1=0

4
Tinh khodng céch tir di€ém A d&€n dudng thang (d).
Bai 22: Trong Kg(Oxyz) cho hai dudng thing :
(dl):{2x+y+1—0 I (dz):{3x+y—z+3—0
x-y+z-1=0 2x—-y+1=0
1. Chting minh riing d; va d, cit nhau. Tim toa d6 giao diém I ctad, va d,.
2. Lap phuong trinh mit phang (P) di qua d; va d, .
3. Tinh thé tich phdn khong gian giGi han bdi (P) va cdc mit phing toa do.
Bai 23: Trong Kg(Oxyz) cho hai diém A(1;2;1), B(2;1;3) va miit phfmg (P): x-3y+2z-6 = 0.
1. Lap phuong trinh mit phiang (Q) di qua A, B va vudng géc vdi (P).
2. Vi€t phuong trinh chinh tic clia giao tuyén cia (P) va (Q).
3. Goi K 1a diém ddi xitng clia A qua (P). Tim toa do diém K.
Bai 24: Trong Kg(Oxyz) cho hai diém A(1:2:-1) va B(7:-2;3) va dudng thing (d): {i:3y4_ 40_ 0
1. Chiing minh (d) va AB ddng phing .
2. Tim toa d6 giao diém Iy ctia dudng thang (d) v6i mit phing trung truc cia doan AB.
3. Tim I e (d) sao cho tam gidc ABI c6 chu vi nhd nhat.
Bai 25: Trong Kg(Oxyz) cho hai di€m A(0;0:-3) , B(2;0;-1) va mit phezlng P):3x-8y+72-1=0
1. Tim toa d9 giao diém I ctia dudng thing AB va mit phing (P).
2. Tim di€m C thudc mit phing (P) sao cho tam gidc ABC déu.
Bai 26: Trong Kg(Oxyz) cho hai di€m A(1;2;3) , B(4:4;5) va mit phazlng P):z=0
1. Tim M e (P) sao cho MA+MB la nhd nhat.
2. Tim Ne (P) sao cho [NA— NB| 1a 16n nhat.

Bai 27: Trong Kg(Oxyz) cho hai di€m A(3;1;0) , B(-9;4;9) vi miit phing (P): 2x -y +z+1=0
Tim Me (P) sao cho [MA - MB| 12 16n nhat.

Bai 28: Trong Kg(Oxyz) cho dudng thing (d) va mit phing (P) c6 phudng trinh :
x y—-4 z+1
d):—=——=— va (P):x-y+3z+8=0
(d) 1= 3 5 (P):x-y
Viét phuong trinh hinh chi€u cta (d) 1én (P)

Bai 29: Trong Kg(Oxyz) cho hai dudng thing :
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-2
(dl):xl -

1. Chitng minh d; va d; chéo nhau.
2. Lap phuong trinh dudng vudng géc chung clia hai dudng thing d; va d, .
Bai 30: Trong Kg(Oxyz) cho hai dudng thing :
x—=1_y z+5
(d)): < "0 1
1. Ching minh d; va d; chéo nhau.
2. Tim toa d6 cdc di€m A, B clia dudng vuodng géc chung AB clia d; va d, .
Bai 31: Cho tam gidc ABC c6 toa d6 cac dinh : A(0;1;0); B(2;2;2); C(-2;3;4)
x—1 y+2 z+3
-1 2
1. Tim toa d6 di€m M nim trén (d) sao cho AM 1 AB.
2. Tim toa do diém N nim trén (d) sao cho Vnagc= 3.
Bai 32: Trong Kg(Oxyz) cho O(0;0;0), A(6;3;0), B(-2;9;1) va S(0;5;8)
1. Chitng minh ring SB 1 OA.
2. Chitng minh riing hinh chi€u ctia canh SB 1én mit phing (OAB) vuong géc v6i OA. Goi
K 1a giao di€m ctda hinh chi€u d6 vdi OA. Tim toa d6 diém K.
3. Goi P, Q 1an ludt 1 trung di€m cta cdc canh OS va AB.Tim toa d6 M thudc SB sao cho
PQ va KM cit nhau.
Bai 33: Cho hai dudng thiang :
(dl);x_1=y_2=Z_3 Vﬁ(dz):{x+2y—z =0
1 2 2x—y+3z-5=0
Tinh khodng cédch giita hai dudng thing (d;) va (d,)
Bai 34: Vi€t phuong trinh tham s6 clia dudng thing nim trong mit phing y+2z=0 va cit hai

| ‘*
|
|
<
o3
Jag
[N
o
N
f_H

. x y-1 z-5
va(d,):—=—=——
(dy) A 3

va dudng thing (d):

dudng thing :
x=1-t x=2—-t
(d):qy=t va (dy):qy=4+2t
z=4t z=1

Bai 35: Cho bon di€m A(-4:4;0), B(2;0:4), C(1;2;-1), D(7;-2;3)
1. Chiing minh riing bon di€ém A,B,C,D nim trén cling mot mit phiang .
2. Tinh khodng cdch tit C dén dudng thing AB.
3. Tim trén dudng thing AB diém M sao cho tdng MC+MD 13 nhd nhit.
: Cho hinh tif dién ABCD biét toa dd cdc dinh A(2,3,1) ; B(4,1,-2) ; C(6,3,7) ; D(-5,-4,8)
Tinh d6 dai dudng cao hinh tf dién xud't phét tir D.
: Trong khong gian Oxyz cho di€m A(-1,2,3) va hai mit phing (P):x-2=0, (Q):y-z-1=0
Vi€t phuong trinh mit phing (R) di qua A va vudng géc v6i hai mit phing (P) , (Q).
: Trong khong gian Oxyz cho mit phing (P) di qua ba diém A(1,3,2) , B(1,2,1) va C(1,1,3)
Viét phudng trinh tham s6 ctia dudng thing (d) di qua trong tAim ctia tam gidc ABC
va vuodng géc vdi mit phang chira tam gidc do.
Bai 39: Lap phuong trinh cia dudng thing (d) di qua diém A(1,2,3) va vudng géc v4i hai dudng
. {2X+y—2:O . {X—y+4z+10:0
thang (d,): va (d,):
2x+z2-3=0 2x—4y—-z+6=0
Bai 40: Lap phuong trinh cia dudng thing (d) di qua di€m A(3,2,1) song song vdi mit phing
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N ~ . 4 N 2 Xty -1=0
(P): x+y+z-2 = 0 va vuong gbéc véi dudng thang (d):
4y+z+1=0
. : _— x=32-2=0 .
Bai 41:1.4p phuong trinh mdt phang chita dudng thang (d): 57120 va c6 khoang cach
y+5z—-1=

dén di€ém A(1,-1,0) bing 1.
Bai 42: Cho hai dudng thflng (d;) va (dy) c6 phuong trinh 1a :
x+8z+23=0 x—2z-3=0
a(d,):
y+2z+2=0

() {y—4z+10 =0 Y
1. Chitng t6 (d;) va (d») chéo nhau.

2. Tinh khoang cédch gitta (d;) va (dy) .

3. Viét phuong trinh mit phiang (P) chita (d;) , mit phang (Q) chita (dy) sao cho (P)/(Q).
4. Viét phuong trinh dudng thing (d) song song vdi Oz va cit cd (d;) va (da)

MAT CAU TRONG KHONG GIAN

I. Phuong trinh miit ciu:

1. Phuong trinh chinh téc:
DPinhly : Trong Kg(Oxyz). Phuong trinh clia mit cAu (S) tdm I(a;b;c), ban kinh R 13 :

Z
(8): (x=a) +(y-b)> +(z-0)* =R*> (1)
M(X; yi2) Phuong trinh (1) dugc goi la phuong trinh
chinh tic clia mit cau
0 y
Pichbiet: Khil =Othi (C):x2 +y2 + 22 = R?

2. Phuong trinh tdng quit:
Dinh Iy : Trong Kg(Oxyz). Phuong trinh :

x2 +y2+z2 —2ax—-2by—2cz+d =0

2

V6i a?+bt+c?—d>01a phuong trinh clia mit cau (S) c6

tam I(a;b;c), bdn kinh R = \/az + b2 + c2 —d.
BAI TAP UNG DUNG:
Cho 4 diém A(-1;-2;0), B(2;-6;3), C(3;-3;-1), D(-1;-5;3)
Vi€t phuong trinh mit cau di qua bdn diém A, B, C, D. X4c dinh tim va ban kinh ctia mit ciu
II. Giao ctia mit cAu va mit phing:
Pinh Iy: Trong Kg(Oxyz) cho mit phing (&) va mit ciu (S) c6 phuong trinh :
():Ax+By+Cz+D=0

(S):(x—a)® +(y—b)% +(z—c)* =R?

Goi d(I; & ) 12 khodng céch tir tim mit ciu (S) d€n mit phazlng a
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Ta co :

1. (@) cdt mitcau (S) < dLa) <R
2. (o) ti€p xtic mit ciu (S) < d(Lx) =R

3. (@) khong cit mitcau (S) < d;a) >R

(S)
)

(S)

YO/ .

©)

, s

Chay:
Khi o cat mat cau (S) thi s€ cat theo mot duong tron (C). Puong tron (C) nay co:

Ax+By+Cz+D =0

(x—a)? +(y=b)* +(z-c)* =R

e Tam la hinh chiéu vudng gbéc cuia tdim mat cau trén mat phang o

e Bankinh r=yR% —d%(l,a)

e Phuong trinh la: { 2
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