Chuyén dé 13: TICH PHAN VA UNG DUNG

TOM TAT GIAO KHOA
I. Bang tinh nguyén ham co ban:
Béng 1 Bing 2
Ham so f(x) Ho nguyén ham F(x)+C Ham so f(x) Ho nguyén ham F(x)+C
a (hingso) ax + C
a+l a a+l
a T _icC (ax+b) 1lxtb) ™ +C
X a+1 a a+l
1 ln|x|+C ! l1n|ax+b|+C
X ax+b a
4 4 i
Ina
e’ e +C eax+b leax+b +C
a
sinx -cosx + C sin(ax+b) —lcos(ax +b)+C
a
COSX Sinx + C cos(ax+b) lsin(ax +b)+C
a
12 tgx +C —— 1 1 tg(ax+b)+C
cos” x cos” (ax+b) a
12 -cotgx + C e ! Lot glax+b)+C
sin” x sin” (ax +b) a
u(x In|u(x)|+C 1 X—a
() ) - L c
u(x) x“—a 2a |x+a
tgx —Infcosx|+C _ In|x++x* +a?|+C
2 +ad?
cotgx 1n|sin x| +C

Phuong phap 1:
e Phén tich tich phidn da cho thanh nhirng tich phan don gidn c¢6 cdng thitc trong bang nguyén
ham cd ban
e Céch phin tich : Diing bi€n ddi dai s& nhu mil, lily thira, cdc hiing ding thic ... va bi€n ddi
lugng gidc bing cdc cdng thitc lugng gidc cd ban.
Vidu : Tim ho nguyén ham clia cdc ham s& sau:

1
NEZTEN

2Xx-5

1. f(x)=cos’ x+ _
Fx) x* —4x+3

2. f(x)=
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Phuong phap 2: St dung cdch vi€t vi phan héa trong tich phan

Vi du: Tinh céc tich phan: I.J.cos5 X sin xdx Z.I 8x dx S.Il+lnx dx
COS X X

I. TINH TiCH PHAN BANG CACH SU DUNG PN VA CAC TINH CHAT TiCH PHAN
1. Dinh nghia: Cho ham s6 y=f(x) lién tuc trén [a; b] . Gid st F(x) la mot nguyén ham clia ham s6 f(x)

thi:

b
j f(x)dx=[F(x)]' = F(b)~F(a) | ( Cong thitc NewTon - Leiptnitz)

2. Céc tinh chat ciaa tich phan:

b
e Tinh chit 1: N&u him s y=f(x) x4c dinh tai a thi : J.f(x)dx =0

b a
e Tinh chit 2: j F(x)dx =— j F(x)dx
a b

b
e Tinh ché't 3: N&u f(x) = c khong ddi trén [a;b] thi: [edx =c(b-a)

b

e Tinh chat 4: N&u f(x) lién tuc trén [a;b] va f(x)>0 thi j f(x)dx >0
e Tinh chat 5: Néu hai ham 6 f(x) va g(x) lién tuc trén [a;b] va f(x)>g(x) Vx €[a;b] thi

b b

If(x)dx > '[g(x)dx
e Tinh chét 6: N&u f(x) lién tuc trén [a;b]va m < f(x) <M (m,M la hai hing s6) thi

b
m(b—a) < j f(x)dx < M(b-a)

e Tinh chit 7: Néu hai ham s6 f(x) va g(x) lién tuc trén [a;b] thi

b

b b
[0+ g(0)]dx = [ f)dx [ gx)dx
e Tinh chat 8: N&u ham s6 f(x) lién tuc trén [a;b] va k 1a mOt hiing s thi
b b
[k.fCodx = k.| fx)dx
e Tinh chit 9: N€u ham s8 f(x) lién tuc trén [a;b] va ¢ 1a mot hing s§ thi
b c b
If(x)dx = jf(x)dx + If(x)dx
e Tinh chat 10: Tich phan ciia ham s§ trén [a;b] cho truée khong phu thude vao bién sd , nghia

b b b
la: j F(x)dx = j f(t)dt = j fwdu=...
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Bai 1: Tinh céc tich phan sau:

1 1
X X
1) | ——dx 2) | —=dx 3) | xv/1—xdx
'([(ZX +1)° o N2x+1 !
5)_[ 2 5 6) J-de 7)'6[(sin6x+cos6 x)dx
4x+4 X" +2x+1 0
7 S
9)I1+51r212x « 10) J-cos42xdx 11)J-1+s.1n2x+cos2x <
0 COS X 0 T SIn X + COSX
6
4, - 4 COS2X 2 sin3x
13) [(cos” x—sin®x)dx  14) [————dx 15) [—
0 ol+2sin2x 02Cc0s3x+1
9 4 1 dx
17 ——dx 18 _
) _Iz x?+2x-3 ) —J-l X% +2x+5
Bai 2:
3 4 5 2
D [ x> -14x 2) [|x*—3x+20x 3) [ (x+2]—[x—2]ux |
-3 -1 -3 %
T 27 2
—4jdx 6) I\/1+0052xdx 7) I\/1+sinxdx
0 0
Bai 3:

D

0x2+5x+6

4x+11

2 4
8)."4smxx

o 1+cosx

1
12) ;dx.
ve +1

x2 +L2—2dx
V X

8) ”xz —~ x‘dx
0

1) Tim céc hiing s6 A,B d€ ham s& f(x) = Asinnx +B théa man dong thdi cdc diéu kién

f()=2  va j f(x)dx = 4

2
2) Tim cdc gid tri cia hiing s& a d€ c6 ding thifc : J.[az +(4-da)x +4x’[dx =12

II. TINH TiCH PHAN BANG PHUONG PHAP POI BIEN SO

b
1) DANG 1:Tinh I = J.f[u(x)].u'(x)dx biing cdch dit t = u(x)

Fluoolu ()dx = T f ()t

u(a)

Cong thic d6i bién sé dang 1:

D =T

Cach thuc hién:

Bugc 1: it t=u(x) = dt =u (x)dx
b

) . x=b [t=u(b)
Budc 2: Boican:
x=a |[t=u(a)
Buéc 3: Chuyén tich phan da cho sang tich phan theo bié€n t ta dudc
b
= [ Flu)Ju'(x)dx = j ¥ (t)dt (ti€p tuc tinh tich phin méi)
a u(a)
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Tinh cac tich phén sau:

cos’ xsin’ xdx

1)

N[ O ——— 3

5) j sin 2x(1+sin® x)’dx
0

9) .[l+ln X

i .
13) J~cosx+smxdx
0

V3+sin2x

}In(tgx) dx

17)
# sin 2X

IS

o) ?siancosde
o 1+cosx

[\9]
~

T
cos’ xdx 3)Is—dx
0

@)}
=~
—_—

COS4 X

Stk ad ey
bal
~J
N

_'—.

xL

oA

1
10) j x°(1-x*)°dx cosx

4)_i.x3\/1—x2dx

o

COSX

8)

O ey s | 2 <

dx tg X

11)j

% 1 In5
14 | sin 2x d 15) f dx
0+/cos? x + 4sin’ x m3e” +2e”
4 %smx COS X
18) [(1-tg®x)dx 19) dx
g( 9% ix/l+sm2x
4
22) };( ) dx 23) f
e®"* + cos x) cos xdx
0 114+ X—

b
2) DANG 2: Tinh I = j f(x)dx bing cdch ditx = o(t)

Cong thic d6i bién sé dang 2:

Cach thuc hién:

=T (0dx = ] o0} (et

0 6—5sinx +sin® x

12) j

coSs 2x

T

2 sin2x
0(2+sinx)?

Sin 2x +sin x

v1+3cosx
\/1+3In In x

24) j

20)
0

Budc 1: bit x=

= p(t) = dx = ¢ (t)dt

xb
xa

_|t=2
t=a

uyén tich phan da cho sang tich phan theo bi€n t ta dudc
f

(x)dx = j flp)]e' (t)dt (ti€p tuc tinh tich phan méi)

Tinh cdc tich phan sau:

1) j\/l—xzdx

5)j X

0);4+);2+1

01 |

2) | ——dx 3) | ——=dx
'(‘).I‘I‘X '([\/4_)(2
z V2
2 2 XZ

6) j 7 j dx
01+cosx+s1n)c o V1—x2

2
8) IXZ\/4—X2dX
1

dx



2
1 2
9) Jf%dx 10) j&dx 11) jﬂdx 12)? L
2 XVx—1 0 J(1+x) %x x* -1
13)J2~ cosx - 14) J-1+x 15)? cosx . 16) I dx
o V7 +cos2x * A1+ cos? x OXP 42X+ 2
DI—X ) fxm
ol+m 1 X=5

II. TINH TiCH PHAN BANG PHUONG PHAP VI PHAN:
Tinh cac tich phén sau:

V8 1 Vi ¥ V3 . - In2
1) | ———dx 2) dx 3) | x’V1+x"dx 4) —dx
ix\/x2+1 '([\/31+X2 !)- I Vel +2

S 23 dx
6) [ x*Vx" +1dx N ——
0 E XX +4

III. TINH TICH PHAN BANG PHUONG PHAP TiCH PHAN TUNG PHAN:
Cong thic tich phan tirng phan:

3
'([ Px+1

?u(x).v'(x)dx = [u(x).v(x)]z - tfv(x).u'(x)dx

b b b
Hay: fudv = [uv] - [vdu
Cach thuc hién:
u=u =u'
Buéc 1: it () du = u'(x)dx
dv=v'(x)dx |[v=V(X)

b b
BuiGe 2: Thay vao cong thic tich phan tirng titng phan : [udv = [uv]’ — [vdu

a

b
Buéc 3: Tinh [uv], va [vdu

a

Tinh cdc tich phan sau:

2 g 1

1) J.ln—sxdx 2) Ixcosz xdx 3) Iex sin xdx
1 X 0 0
2 c T

4) [ sin/xdx 5) [xIn® xdx 6) [~ dx
0 1 , COs” X
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T

i 4
7) Ixsinxcosz xdx 8) JX(Z cos? x — 1)dx 9) J~ln(1+x)
0

1 e g
10) J.(X +1)*e*dx 11) I(x Inx)*dx 12) Icos x.In(1 + cosx)dx
1 0
Inx 0 2 1 2X
13) J‘(x+l . 14) .([xtg xdx 15) g(x—Z)e dx
1 ) elnx 2 3 -
16) [xIn(L+ x*)dx 17) j—d 18) [(x+cos® x)sin xdx
0 X 0
2
19) [(2x+7)In(x +1)dx 20) jln(x2 — X)dx
0 2
MOT SO BAI TOAN TiCH PHAN QUAN TRONG VA UNG DUNG
Bail: 1) CMR néu f(x) 1& va lién tuc trén [-a;a] (a>0) thi: J.f(x)dx 0

2) CMR néu f(x) chin va lién tuc trén [-a;a] (a>0) thi : j f(x)dx =2 j f(x)dx
- 0

Bai2: 1) CMR néu f(t) 12 mot ham s& lién tuc trén doan [0,1] thi:

g T

a) J-f(sin x)dx = If(cos x)dx

b) ];xf(sinx)dx - ng(sm x)dx

AP DUNG: Tinh cdc tich phan sau:

j~ cos" x _CoS"X 4 vdineZt T cos* x __cosx . 3) J sin® x <
———d
o cos" X +sin" x cos* x +sin* x sin® X + cos’ x
f: 3 X+cosx ¢ x* +sinx
4) | xsin’ xdx 5 —dx 6) | ——dx
)-([ ) -[,4—sin2x ~[ x*+1
2
7) I%X 8) J‘xcos4 xsin’ xdx
o 4—cos” x 0
Bai 3:CMR néu f(x) lién tuc va chin trén R thi j f (x) d j f(x)dx véiaeR* vaa>0;a=l
AP DUNG : Tinh céc tich phan sau:
1 4 1 2 T s 2
X 1-x sin” x
1 dx 2 dx 3 dx
)J.12*+1 )j 1+2° )I3x+l

-1 -
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1V .UNG DUNG TiCH PHAN TiNH DIEN TiCH HINH PHANG:

Cong thic:

y X=h
(C):y=1f(x ol (C)y=1(x)
(@G y=9(x) —_—
)1y yma (C,):y=9(x)
A, x=D L X
o| 4 b
b
S = [0 - g(0]dx
Je, Ye,
Tinh dién tich clia cdc hinh phing sau:
2
X
y:V4_:f y=k¢—4x+ﬂ
1) (Hy): , 2) (Hy):
y= X y=x+3
42
2
= y =X
4) (H@:{y 2 5) (Hs)i{ X :
X=-y y=2-Xx
=lnx
24x )
y=Xx"—-2Xx
7) (Hp):qy=0 8) (Hs)i{ 5
_ y=—X"+4x
x=¢€
x=1
(C):y=+x
2— =
10)(H10):{y+ 2_ygx O 11y ldy:y=2-x
T (0%)

y (C,):x=g(y) (C):x=f(y)

= C X =
DAY=y G x=0)
2 1-y=2a
AR A,ry=b
a o2l y=a
L | X

(C)):x=1(y)

s = 1[f(y) - g(y)ldy

Xe, Xe,
_ —3x-1
Y x—1
3) (H3):qy=0
=0
Y +x-5=0
6) (He):
x+y-3=0
) 3
y= 3X—3
9) (Hy): 2 2
y=Ix
(C):y=¢
12) <(d):y=2
(A):x=1

v. UNG DUNG TiCH PHAN TINH THF. TICH VAT THE TRON XOAY.

Cong thiic:
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y
. bl— =b
C):y=f(x) Y
=01 % (C):x=f(y)
(o
X a y=a
o) O—l X
b 2 b 2
V = zf[f (x)] dx v =zf[f(y)] dy

Bai 1: Cho mién D gi6i han b&i hai dudng : x> +x-5=0;x+y-3=0
Tinh thé tich khdi tron xoay dudc tao nén do D quay quanh truc Ox
Bai 2: Cho mién D gidi han bdi cdc dudng : y =vx;y=2-x;y =0
Tinh thé tich khéi tron xoay dugc tao nén do D quay quanh truc Oy
Bai 3: Cho mién D gi6i han bdi hai dudng : y=(x-2)> vay=4
Tinh thé tich khdi tron xoay dudc tao nén do D quay quanh:
a) Truc Ox
b) Truc Oy
Bai 4: Cho mién D gidi han bdi hai dudng : y=4—x*;y=x>+2.
Tinh thé tich khéi tron xoay dugc tao nén do D quay quanh truc Ox

1 x?

x2+1’y:7

Tinh thé tich khdi tron xoay dugc tao nén do D quay quanh truc Ox

Bai 5: Cho mién D gi6i han bdi cdc dudng : y =
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