CHUYEN PE: SO PHUC
I. DANG PAI SO CUA SO PHUC.

1. Mot ) phtre la mot biéu thirc ¢6 dang a+bi, trong d6 a, b la cac s6 thuc va s6 i thoa man i? =-1.
Ky hiéu sé phic d6 12 z va viét z = a+bi (dang dai sd)

I dugc goi 1a don vi ao
a duoc goi 1a phan thuc. Ky hiéu Re(z)=a

b dugce goi 1a phan do cuia s6 phitc z =a+bi, ky hiéu Im(z) =b

Tap hop cac sb phirc ky hiéu 1a C.
Chuy:
- Mi sb thuc a duong déu duoc xem nhu 13 s6 phirc voi phan 4o b= 0.
- S6 phic z = a+bi ¢6 a=0 duoc goi 12 s6 thuan 4o hay 14 s6 0.
- S5 0 vira 12 56 thue vira 14 s6 ao.
2. Hai s6 phirc bing nhau.
Cho z=a+hiva z=a+b’i.
, {a =a'
1=7 &
b=Db'
3. Biéu dién hinh hec ciia s6 phirc.
MGi s6 phirc duoc biéu dién boi mot diém M(a;b) trén mit phing toa do Oxy.
Nguoc lai, méi diém M(a b) biéu dién mot sb phirc 12 z=a +bi.
4. Phép cong va phép trir cac s6 phire.
Cho hai s6 phitc z = a+bi vaz’ = a’+b’i. Ta dinh nghia:
z+z'=(a+a)+(b+bi
{z—z':(a—a')+(b—b')i
5. Phép nhan sé phiec.
Cho hai s6 phitc z = a+bi vaz’ = a’+b’i. Ta dinh nghia:
zz'=aa'-bb'+ (ab'-a'b)i
6. S6 phirc lién hop.
Cho s6 phirc z = a+bi. S5 phitc z=a—bi goi 1a s6 phirc lién hop véi sé phirc trén.
Vidy z=a+bi=a-hi
Chuy:
1) z=z =z va z goi 1a hai sé phic lién hop v6i nhau.
azE:¥+¥
- Tinh chit cua sé phirc lién hop:

() z=z
2): z+z2'=z+72'
3): 22'=2.7"

(4):z.2=aZ+b% (z=a+hi)

7. Médun cia so phirc.



Cho sb phirc z = a+bi. Ta ky hiéu |Z| 14 modun cia sb phu z, d6 1a sé thuc khong am duge xac dinh
nhu sau:
- Néu M(a;b) biéu dién s6 phic z = a+bi, thi |z|=[OM|=+a* +b’

- Néu z =a+bi, thi |z|:\/?=\/a2+b2
8. Phép chia s6 phirc khac 0.
Cho sé phttc z =a+bi =0 (tize aa® +b? >0)
Ta dinh nghia s nghich dao z™* ciia s phirc z # 0 12 86
U S -
Cal+pt |gf

Thuong 2 cua phép chia sé phirc z” cho s6 phtic z # 0 dugc xac dinh nhu sau:
z

', 7'z
=77 = ,
z 2
V6i céc phép tinh cong, trir, nhan chia sd phirc néi trén N6 ciing c6 ddy du tinh chét giao hoan, phan
phoi, két hop nhu cac phép cong, trir, nhan, chia so thuc thong thuong.

Il. DANG LUQNG GIAC CUA SO PHUC.

1. Cho s6 phite z # 0. Goi M 12 mot diém trong miat phang phirc biéu dién s6 phirc z. S6 do (radian) ctia mdi
goc lwong giac tia dau 1a Ox, tia cudi OM duoc goi 1a mot acgumen cia z.
Nhu vy néu ¢ 12 mot acgumen ciia z, thi moi acgumen déu c6 dang: ¢ + 2k, k € Z.
2. Dang lwgng giac ciia s6 phikc.
Xét so phitc z=a+bi (a,beR,z=0)
Goir la médun cua z va ¢ la mot acgumen cua z.
Ta co: a=rcose , b =rsine
z=r(cosg+ising) trong d6r > 0, duoc goi 1a dang lugng gidc cia s6 phite z = 0.

z=a+bi (a b eR)goila dang dai s6 cua z.

r=+/a’>+b? 1a moédun cua z.

[ CosQ =
@ la mot acgumen cua z thoa 1

sing =
3. Nhan va chia s6 phirc dwéi dang lwgng gisc.

Néuz =r(cosp+ising),z'=r'(cosg'+ising') (r =0, r’ > 0)

thi: zz'=r.r'[ cos(p + ') +isin(p+¢') | va %z %[Cos(go—go')+ isin(¢p—¢"')]
4. Cong thirc Moivre.

V6ine N* thi [ r(cosp+ iSingo)]n =r" (cosng +isinng)

5. Ciin béc hai ciia s6 phirc dwéi dang lrong gidc.



Cin bac hai ctia s6 phitc z=r(cosg+ising) (r>0)la \/F(cos(g +isin (gj va

—x/F(cos% +isin%j = \/F(cos(% + n} + isin[% + HD

A. BAI TAP VE SO PHUC VA CAC THUQC TINH
Dang 1: Céc phép tinh vé S6 phirc

Phwong phap:

- Str dung cac cong thirc cong , trir, nhan, chia va luy thira s phirc.

Chuy:

Trong khi tinh todn vé sé phtc ta ciing c6 thé sir dung cac hang dang thirc dang nhd nhu trong s6 thyc. Chang
han binh phuong cua téng hodc hiéu, 1ap phuong cia tong hodc hiéu 2 sd phuec. ..

Bai 1: Cho sb phuc z=§—%i.ﬁnh cac sb phuc sau: z; 72; (E)g; 1+z2+7°

Giai:
2 2 2 2
b. Tacd z? _£—1 =3+1i2——3_1—_3
2 2 4 4 2 2

2
2, V31 N3

- (2) - (\/— 1} 3,1, 1.3
2 a4 T T
(i =(2) 2 [ 3}[@ 3} V3 1,8, 3 _,
2 2 2 2 4 2 4 4
J3 ﬁi 3+4/3 1+\f

Taco: 1+z+2° _1+—— -
2 2 2 2 2 2

Nhén xét:
9 —\3 9 s » r
Trong bai toan nay, dé tinh (Z) ta cO thé s dung hang dang thic nhu trong so thuec.

Twong ty: Cho sb phﬁCZ=—;+§i. Hay tinh : 1+ z + z2°
Tacoz® = 1—3—£| Do do: 1+z+2> =1+ —l+£i + —l—ﬁi =0
4 4 2 2 2 2

Bai 2:
a. Tlnhtongsau T+i+i2+i° +. i
b. Cho hai s6 phuc z,,7, thOaman|Zl|—|Zz| =1z, +2,|= 3. Tinh|z, - z,|.

+2009

Giai:




Taco 1-i*" = (1=i)(1+i+i* +i®+...+i"")

2 .
Ma 1— i?° =2 Nén T+iti2 il 40199 == —1+i
1-i

b. bat z, =a +hi; z, =a, +b,i.

a’ +bl =a; +b; =1

(ai+az)2 +(b1+b2)2 =3

Suyra 2(ab +a,b,) =1=(a,-a,)° + (b —b,)’  =1=z, - 7,| =1

Tir gia thiét ta co {

Bai 3: Tinh gi4 tri cia biéu thuc:
TR L T

a P=——— oo~ (17 =-1)
Y A L

b. M =1+ @+i)* +(@+i) +..+ (L+i)"

c. N=(1-i)"
Giai:
z =5 =7 -9 = 2009 -5 =2 =4 - 2004 H 1_(i2)1003 H
a.TacOiP+i" +i®+..+i% =j (1+| +it i )=|.—_2:|
—i

i4+i5+i6+...+i2°1°:(1+i2+i‘°’+i4+i5+i6...+i2°1°)—(1+i2+i3)

-2011 H
Sl P W T B ¥

1-i i+1 2 2

b. M la téng cta 10 sd hang dau tién cta mot cép s6 nhan ¢co sb hang dAu tién u, =1,congbodi q=(1+ i) = 2i
1-¢° _, 1-(2)" _1+2° _10251+2i)
1-q  1-2i  1-2i 5
e N=(L-if*=[@i?] =2 = (2* @)% - 2*

Taco: M =u,. =205+410i

Bai 4:

. 1-i . e,
a. Cho s6 phiic z = o Tinh gié tri cuia 2.
+i

b. Chlfrng mlnh 3(1+i)2010 =4i(1+i)2008 _4(1+ i)ZOOG
Giai:

i \2
a Taco: 2=t - LHD° _;

1+i 2
nén Z2010 — i2010 — i4><502+2 — i4><502.i2 — 1(_1) =_1
b. Tac: 3(1+i)™" =4i(1+i)™ —4(1+i)"" < 3(1+i) =4i(1+i) -4 = (1+i) =—4

& 4i° = -4 = (dpcm).
Bai 5: Tinh s6 phtrc sau:

-\16 -\8
a. z=(li!) +(bJ b. z=(1+i)15
1-1 1+1




Giai:
1+i _ (1+|)(l+|):g:i:>1—|

1—i 2 2 1+i
l+i 10 1_i 8 -16 -\8
Vay | — | +|—| =1 +(-1) =2
Y (1—ij (1+J (1)
Ta co:

b.
(1+i) =1+2i —1=2i = (1+i)" = (2i) =128.i" = -128i
z=(1+i) = (1+i)" (1+i) = —128i (1+i)=-128 (~1+i)=128-128i.

a. Taco:

Bai 6: Tinh: i'®+i® +i® -

Giai:

Pé tinh toan bai ndy, ta chi y d&én dinh nghia don vi 4o dé tir d6 suy ra luy thira ciia don vi 40 nhu sau:
Tach: i>=-1 i’ =—i;i*=i’i =1, i° =i, i° =-1...

Bang quy nap dé& dang ching minh duoc: i*" =1; i*™ =i; i*"? = —1; i**® =—j; vne N~

Vay i" e{—l;l;—i;i},Vne N.

Néu n nguyén am, i" = (i) = GJ =(-i)".

Nhu vay theo két qua trén, ta dé dang tinh duoc:

i105 +i23 +i20 _i34 — i4.26+1+ i4.5+3 +i4.5 _i4.8+2 =i— i+1+1 =2
Bai 7:
1
a. Tinh; ———
1+§i
2 2
b. (TN — 2008) Tim gia tri cua bidu thirc: P = (L++/3i)? + (1—/3i)?
Giai:
1V, 1B,
T 2 2 2 2 1 3.
a. Taco: = = R
1,43, (1 V331 V3 12
2 2 2 2 2 2
b. P=—4

Dang 2: Sé phirc va thugc tinh ciia no

Logi 1: Tim phén thuc va phén do
Phwong phap: . .
Bién do6i s6 phic veé dang z = a+bi, suy ra phan thuc la a, phan ao la b

Bai 1: Tim phan thyc, phin 4o cta cac sb phirc sau




B (1+ i)ZOlO

a.z=i+(2-4i)-(3-2i) b. z=(-1+i)® - (2i)° C.z =

Giai:

a.2=(0+2-3)+(1-4+2)i=-1-i.

Vay §6 phirc da cho ¢6 phan thyc 12 — 1, phan 4o 1a — 1.
b. Két qua: 2 + 10i

@+ )20 ~ (20)°% (1+ i)
o1 2

c. z = 2 (L4 1) = =2 4 2%

Bai 2:

a. Tim phén thuc, phin 4o cta s6 phie i+(2-4i)—(3-2i)

b. (TN = 2010) Cho hai s6 phirc: z, =1+ 2i,z, = 2~ 3i. X4c dinh phan thuc va phan ao ciia s6 phiic z, — 27, .

c. (TN = 2010) Cho hai s6 phirc: z, = 2+ 5i,2, = 3—4i . Xé4c dinh phan thuc va phan o cua sb phic z,.2, .
[21=1

[
Z+—
z

d. Cho s6 phirc z thoa mén — 2. Tim sb phrc lién hop ciia z

Giai:

a.Taco: i+(2-4i)-(3-2i)=(0+2)+(1-4)i+(-3+2i)=(2-3)+(-3+2)i=-1-i
Vay s6 phirc da cho ¢6 phén thyc 12 - 1, phan 4o 1a - 1.

b. Phan thuc — 3 ; Phan ao 8

c. Phan thuc 26 ; Phan éo 7

C |a®+b* =1 ab= 1
d. Theo gia thict 2 ) = 2
(a"-b%) +(2ab+1) =41 | 2 24
V2 V2o |- V2 V2
T2 T2
e =3
N2 2 ln N2 e
2 2 2 2

Bai 3: Tim phan thyuc, phan 4o cia sb phirc
a. (~1+i) —(2i)’
b. z =1+(1+i)+(1+i)2 +(1+i)3 +‘..+(1+i)20

c. (1-i)™
Giai:
a. Ta co:

(-1+ i)3 = (—l)3 +3(—1)2 i+3(-1)i*+i°=2+2i
(2i) =22 xi® = -8i




= (-1+i)’ —(2i)’ =2+10i

Vay sb phirc da cho c6 phan thyc 1a 2, phan o 1a 10.
. : noo (@+i)* -1

b. TacoP=1+@Q+0)+..+(1+1)" =—=—

121 20 : 4110 : 107, :

(Wi)™ = (@) [ .(L+i) = (2)° (@+i) = -2°(A+i)

_2(+i)-1
i

Vay: phan thuc —2" , phan 4o: 2'° +1

c. Ta Cé (1_| _ ((1_ |)2 )1004 (1_ I) _ (_2i)1oo4 (1_ I) _ 21004 (1_ I) — 21004 _ 21004i

P =20 +(2°+1)i

)2009

Vay phin thuc cua sd phuc trén la 2 va 4o 13 —2'°%

Bai 4: (DH — A 2010) Tim phin do cia s6 phirc 2, biét 7= (v2 + i)2 (1-2i)

Giai:
Ta co: E=(x/§+i)2 (L-2i) = (1+2v2i) (1~ V2i) =1~ V2i + 2/2i - 47 =5+ 2i
= 7=5-4/2i

Phin 4o cua sb phiic z bang /2.

Bai 5: (CD - 2010) Cho sb phitc z thoa man diéu kién (2-3i)z+(4+i)z=—(1+3i)’. Tim phin thuc va phin

ao cua z.

Giai:

Goi z=a+hi(acRbeR)=z=a-bi

Ding thirc d4 cho tro thanh

(2—3i)(a+bi)+(4+1)(a—bi) = —(1+ 3i)2 < 6a+4b—2(a+b)i =8—6i(coi diy 1a mot phuon trinh bac nhit
thgo )] , ’ ’

Dong nhat theo 1 hé s6 hai vé ta dugc

6a+4b=8 a=-2
= =
2a+2b=6 b=5

Vay sb phirc z ¢4 cho c¢6 phan thyc 14 —2, phan 40 14 5

Bai 5: (CD — A 2009) Cho s6 phitc z thoa man (1+i)° (2—i)z=8+i+(1+2i)z. Tim phan thyc v phin o cua
VA

Giai:

Taco: (1+i) (2—i)z=8+i+(1+2i)z

& 7| (L+i) (2-1)-(1+20) |=8+i = 2[2i(2-1)-1-2i] =8+
,_ 8+i _(8+i)(1-2i) 8-15i+2 10-15i _
C2i+l 5 5 5

Vay s0 phuc z d& cho ¢ phan thyc 13 2, phan ao 1a -3

2-3i

Bai 8: Tim phan thyc cua sd phircz = (1+ i)n , biét ring n € N thoa mén phuong trinh




log, (n—3)+log, (n+9)=3

Giai:
neN
n>3

Phuong trinh log, (n-3)+log, (n+9)=3 < log, (n-3)(n+9)=3

biéu kién: {

n=7 (thoa man)

o NM-3)(n+9)=4<=n’+6n-91=0 c{
n=-13  (khdng thoa man)

Vayn="7.
3
Khido 7= (L+i)' =(1+i) = (@+1) (L+i) | =(1+0).2i)° = @+1).(-8) =8-8i
Vay phan thyc cua s phirc z 13 8.
Logi 2: Biéu dién hinh hoc ciia sé phirc
Phwong phap:
- Sir dung diém M (a;h) biéu dién s6 phirc z trén mat phang Oxy
Chay:
Véi cau hoi nguoc lai “ Xac dinh s6 phirc duoc biéu dién béi diem M (a;b)” khi d6 ta c6 z = a +bi
.. dang cap nhat

Logi 3: Tinh modun ciia sé phirc

Phwong phap:
Bién doi s6 phitc vé dang z = a +bi, suy ra modun la |z| = v/a® + b’
Bai 1:

a. Tim modun cua sb phirc z =1+ 4i + (1—i)®

—(—I)

b. (PH — A 2010) Cho s6 phuc z thoéa mén z = . Tim mddun cua sé phic 7+iz

-N\11

, . . (1 2 . R . A, .

c. Cho so phtrc z thoa mén 1.z :(lij +(1—IJ . TIm mOdun cta so phicw =7 +iz.
—i +i

d. Tinh mo dun ciia s6 phic: Z =1+ 4i +(1-i)’

Giai:

a. Vi (1—i)3=13—3i+3i2—i3—1 3i-3+i=-2-2i .
Suyra: z=1+4i+ (i)’ =-1+2i=|z|= (1) +2* =[5
e (Ve )

b. z= -
1-i
Cach 1: (danh cho ban co ban)

Taco (1—@)3 —1° 430 (—\/§i)+3.1.(—\@i)2 _3J3i =8




Dodo 7=—5 = _8(1+|)—4—4i —7=-4
~ 1-i 2

= z+iz=—4-4i+(-4+4i)i=-8-8i

Vay ‘E+iz‘:8\/§.

Céch 2: (Danh cho ban nang cao)
Bicu dién dudi dang lugng giac

Taco
@a- \/—I) 2{005(——3J+|5|n(——3ﬂ:>(1
7= -8 —8(1+|)_ 44

1-i 2

+4i

V3i)* = 8[cos(—r) +isin(-r)] = -8

= Z+iz = ~4— i +i(-4 + 4i) = —8(1+ ) = [z + iz = 82

c.Taco iz = (Ejﬂ J{%T iz {(L;i)z T . (Zi(12— i)]s

eiz=(i) +(1+i) =16-i = z=-1-16i

= z=-1+16i

Dodo w=7+iz=-1-16i +i(—1+16i) =-17-17i

Viy|w| = V172 +172 =172

d Z=1+4i+(1-i) =1+4i+1-3i 3> -’ =-1 + 2i
2= 2 =5
Bai 2: Tim md dun cua sd phuc z = a+2-i
1+2i
Giai:
Taco: Z=E:1+1i
5 5
2
Vay, mo dun cia z bang: |z|= 1+(1j =@

Logi 4: Tim sé déi ciia sé phirc 7
Phwong phap:

Bién d6i s6 phtic vé dang z = a +bi, suy ra sé d6i -z= —a —bi

...dang céap nhat

Logi 5: Tim sé phikc lién hop ciia s6 phire 2
Phwong phap:

Bién ddi sb phirc vé dang z = a +bi, suy ra sb phirc lién hop 13 z = a—bi

Bai 1: Tim nghiém cta phuong trinh 7 = z°

, trong d6 Z la sb phirc lién hop ciia sb phirc z .




Giai:
Goi z=a+hi, trong d6 a,b 1a cac s6 thuc
Tacd: Z=a-biva z° =(a® —b®) + 2abi

.4 _ 2 . , 2 aZ _bZ —a
Khido: Z=12° < Tim cac so6 thuc a,b sao cho :
2ab =-b
Gidi h¢ trén ta dugc cac nghiém (0;0), (1;0), [— ; %} [— ; ;—g} :

Bai 2: Tim sb phirc lién hop cua: z = (1+ i)(3—2i)+%
+1

Giai:
Ta co: z=5+i+#=5+i+E
(3+1)(3-1) 10
- 53 9.

Suy ra sb phirc lifnhop ciaz 1a; z=——— i
Yy 0 phuc I gpcuaz 1010

Logi 6: Tim sé phirc nghich ddo Ciia sé phirc 7
Phwong phap:
1 1
Su dung cong thic ~ = W z
Z |z

...dang céap nhat

Logi 7: Ung dung sw bang nhau ciia hai sé phirc dé im cac sé thuc
Phwong phap:
Cho z=a+bivaz=a+b’i.

. |a=a'
I=71 &
{b:b'

Bai 1: Tim cac s nguyén X,y sao cho sé phitc z = X+ yi thoaméin z° =18+ 26i .

Giai:
x° —3xy® =18
a4 = 18(3x°y — y®) = 26(x*> — 3xy?).

Taco (x+yi)® =18+ 26i <
3’y -y =26

Giai phuong trinh bang cach dat y =tx (x = 0) ta dugc t = % =>x=3,y=1

Vay z=3+1.

Bai 2: Tim cac s6 nguyén X,y sao cho sb phirc z = X+ yi théaman(1-3i)(2x+yi)=1+i

Giai:
Taco (1-3i)(2x+yi)=1+i< 2x-3y+(y—-6x)i=1+i (*)
Coi (*) 1a phuong trinh bac nhat theo i, dong nhét hé sb hai vé ta duoc két qua

10




1

— X=—-—
(*)@{2X_3y_1<:> 10
y—-6x=1 2

5

Bai 3: Tim hai s6 thuc x,y thoa man: x(3+5i)+ y(1-2i)® = 9+14i

Giai:
Taco x(3+5i)+y(@d-2i)® = x(3+5i) + y(-11+ 2i) = (3x —11y) + (5Gx + 2y)i
3x-11y =9

Do d6 x,y thoa mén hé .
5x+2y =14

Giai hé ta dugc x = 172 vay = 3

61 61
Bai 9: Giai phuong trinh nghiém phuc: 72 =z
Giai:

5 . . . = . ) a’-b*=a
batz=a+bi (a,beR),tactd: z°=z< (a+bi)" =a-bi <
2ab=-b
Giai hé trén ta tim dugc (a;b) = (0;0); (L;0); [— ; ; _gJ :
Vay z=0; z =1, z:—liﬁi.
2 2

Dang 3: Tim s6 phirc z théa man diéu kién cho truéc

Bai 1: Tim s6 phirc z thoa mén
a.(2+3i)z=2-1 b. |z|2+22.2+‘2‘2:8 Vaz+z=2

Giai:

1 _3-1__1 3.
1+3i 10 10 10
b. |z|2+22.2+‘2‘2 =8 4(X°+y) =8 (xX*+Yy)=2 (1)

a. Taco: z(l+3i)=-1l<z=

Z+E:2<:>2x:2©x:1(2)
Tu (1) va (2) timdugcx=1; y=+1
Vay cac so phuc cantim la 1+i va 1—i

-\4
Bai 2: Tim sé phirc z thoa mén : (ﬂJ -1
Z—1

Giai:

ren (32 o320 A 320 -

11




N .
TH 1: (ﬂJ Y, AN
Z—1 Z—1

(21 tcoo (1200 12 ) oo

Vay ¢6 3 s phirc thoa man

=1
Bai 3: Tim s6 phirc z thoa mén hé Z_I_

z-3i -1 (2)

Z+1

Giai:
Cach 1: (Phuwong phap dai so0)

Giastr z=x+Yyi, khido

2—_?‘=1©|z—]4=|z—i|<:>|x+yi—1|=|x+yi—i|
c>(x—1)2+y2 =x2+(y—1)2 & X=VY.

Ta lai co:

z_ji‘=1©|z—3i|=|z+i|c>|x+yi—3i|=|x+yi+i|c>xz H(y-3f =+ (y+1) o

< y=1= x=1. Vay sb phirc phai timla z =1+i
Cach 2: (Phwong phap hinh hoc)
Nhén xét:

I
|21
T (1) [z2-1]=|z—i|. Goi A va B la hai diém biéu dién cac s6 1 va i tirc 1a A(1;0), B(0;1)
T dé |z-1=|z-i|< MA=MB, ¢ ddy M = M (z) 1a diém biéu dién s6 phirc z
Vay M nam trén dudng trung tryc ciia AB tirc 1a M nam trén dudng thing y = x

z

Véi hai s6 phirc z va z° (2 #0) taludn c6 |
z

Tuong ty(2) < |z-3i|=|z+i|< MA = MB" hay M nam trén trung tryc ciia AB’ tirc 1a M ndm trén duong
thing y =1
Tur (1) va (2) ta c6 M ndm trén giao cia hai duong thing trén tiec 1a M (1;1) = 2 =1+1i

Bai 4: (PH - D 2010) Tim s6 phirc z thoa man: |z| =2 v& z* Ia s6 thuan ao.

Giai:
Goiz=a+bi (aeR,beR), tact: z=+va’+b* va z> =a’—b’ +2abi

s 3 o ~la®+b?=2 a’=1 a=+1
Yéu cau bai toan téa man khi va chi khi:

= =
a’-b’=0 b2=1 |b==1
Vay cac s6 phte can tim 1a: 1+1i; 1—i; —1+i; —1-1i.
Bai 5: (DH —B 2009) Tim s6 phirc z thoa man |z —(2+i)[=+10 va z.z=25.
Giai:

Goiz=a+ bi (aeR,beR),
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Taco: z—(2+i)=(a-

Tir gia thiét ta co: ‘Z —

Va 2.2=25 < a’+b?=

Giai hé (1) va (2) ta duoc { v

2)+(b-1)i;
2+i)‘

5 (2)
a=3
b=4

b
Vay cac s6 phic can tim 1a: z = 3+ 4i

J10 <:>(a—2)2

2=5

+(b-1)’

=V10 (1)

Bai 6: Tim s6 phirc z thoa mén: z° +

ho
Z| =

ac
0

Giai:

G(_)iz=x+yi(x,yeR),

Khidézz+|z|:0c>(x+yi)2+ x2+y2:0@(xz—y2+\/x2+y2)+2xyi:0
[(x=0
X2 —y?+x+y> =0 2

2 2 2 2
@{x —Y X +Yy —0© L= 0
y=0

2xy =0

[ (x=0
Yoyl =

y=0
I X2 +|X| =

[(x=0
0 _ {Iyl(1 [v])=0
y=0
_{IXI(“IXI):0

X2 -y + x> +y° =0
y=0
X2 —y? x> +y> =0

y=0
I x=0(do|x|+1>0)

x=0 _ 0
X =

|y[=0

1-|y|=0 y=0
o |l]y]=1

y=0

X| =

1+[x|=0

Vay céac sb phirc can tim [&: z=0;z=1i;z =i

x=0,y=0
x=0,y=1

x=0,y=-1

x=0,y=0

Bai 7: Tim s6 phirc z thoa mén : |Z -2+ i| = 2. Biét phan 40 nho hon phan thyc 3 don vi.

Gifli:’
Goi sO phuc z = a+bi
Theo bai ra ta co:

‘a—2+(b+1)i‘:2
b=a-3

@{(a—2)2+(b+1)2
b=a-2

=4
S

Vay sb phirc can tim la: z = 2—\/§+(—1—\/§)i

_{
|

; z:2+\/§+(—1+\/§)i

a=2-2
b=-1-+2
a=2++2
b=-1+2

Bai 8: Tim s6 phitc z théa man (z —1)(E+ 2i) la sé thuc va |z-1| = J5.

Giai:
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Pit z=a+bi (abla s thuc)
Taco

(z—l)(E+2i)=a2+b2—a—2b+(2a+b—2)i la s thuc = 2a+b-2=0 (1)

|z—l|:\6c>1/(a—1)2 +b? =+/5 (2)
Tir (1) va (2) taco (a;b) =(0;2);(2;-2)
Vay z=2i;2=2-2i

Bai 9:

a. Tim sb phic z dé cho: Z.E+3(z —E) =4-3i.

b. (PH - D 2009) Trong mit phing toa d6 Oxy, tim tap hop diém biéu dién cac sb phirc z thoa man didu kién
|2-(3-4i)| =2

Gifli:’

Goi s0 phirc Z=X+Yi (x,yeR)
Taco

z.E+3(z—E)=4—3i

& (x+yi)(x—yi)+3[(x+yi)—(x—yi) |=4-3i
<X +y +3(2yi)=4-3i< X" +y* +6yi =4-3i

1
{x2+y2=4 y= 2
6y =-3 X:i@
2
Vﬁ_yzzﬁ_lh z=_E_1|
2 2 2 2

b. Gid sit M (a;b) biéu thi s6 phiic z=Xx+Yi (x,yeR)

Theo gia thiét ta cd z—(3-4i)=x-3+(y+4)i

Viy < ‘z—(’3>—4i)‘:2<:>\/(x—3)2 +(y+4)? =2 (x=3) +(y+4) =4

Do dé tap hop diém M biéu dién céc sé phirc z trong mp Oxy la duong trdn tam 1(3;-4) va bankinh R = 2.

, 2|z—i|:‘z—2+2i‘
Bai 10: Tim so phtrc z thoa man: _
‘22 - (z)z‘ =4

Giai:
Goi s0 phirc Z=X+Yi (x,yeR)

) il = . il .
He & |x4-r(y Dl |(2y+2)||© 2‘x+(y 1)|‘ ‘2(y+1)|‘
|4xyi| = 4 |4xyi| =4

14




o2 (y=1 =2y 1)
|xyi| =1

N S G 1.
Vay s0 phirc can tim la: z =+3/4 + =1

2

Bai 11: (PH — B 2010) Trong mit phing toa do Oxy, tim tap hop diém biéu didn cac s6 phirc z thoa
mén |z—i|=|(1+i)z|

Giai:

Giaswtz=a+bi (a,beR).

Suyra: z—i=a+(b-1)iva (1+i)z=(1+i)(a+bi)=(a-b)+(a+b)i

Theo gia thiét

|z-i|=|@+i)z| & [a+(b-1)i| =|(a-b)+(a+Db)i| = Ja? + (b-1) = (a—b)* + (a+Db)’
e a’+(b*-2b+1)=2(a” +b’) = a* +b* +2b—1=0 <a’ +(b+1)’ =2

Vay tap hop céc diém M biéu dién c4c s6 phirc z 1a dudng tron 1 (0;-1) va ban kinh R = V2

Bai 12: Trong c4c s6 phitc z thoa mén diéu kién |z2—2+3i|= 2 . Tim s6 phttc z ¢6 modul nhoé nht.

Giai:
Giastrz = x+ yi, khi do:

9

|z—2+3i|:2@‘(x—2)+(y+3)i‘: <:>(x—2)2+(y+3)2 =,

3
2
Tép hop diém M thoa man diéu kién da cho I3 duong tron (C) tam | (2;-3) va ban kinh R = g
Mbdun cua z (|z|) dat gia trj nhé nhat khi va chi khi M thudc dudng tron (C) va gan O nhat

= M triing véi M; la giao cia duong thing Ol véi dudng tron (C).

Taco: Ol =/4+9 =13

Ké MiH L Ox. Theo dinh ly Talet ta co:

3
MH OM, \/1__5

3 o 13 SN .
= JTaMH -0 2
by
613-9 78-913
=>MH=—FF"7—=
213 26 L |
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Jl_s—i

LalCé O—H: :>OH=26_3\/E
2 13 13
%6313 78913,
13 26

Vay sb phirc can tim la: z =

Bai 13: Trong c4c s6 phitc z théa man diéu kién |z —1- 2i| = 2, tim s6 phtrc z c6 modun nho nhat.

Giai:

Goiz =x+yi, M(x;y) 1a diém biéu dién s6 phtrc z
Taco

z-1-2i|=2 < (x-1f +(y-2) =4

Vay tap hop diém M la duong tron (C) : (x—1)° +(y —2) =4 c6 tam (1;2)

Puong thang Ol ¢ phuong trinh y = 2x

S6 phitc z thoa man diéu kién va c6 mddun nho nhat khi va chi khi diém biéu "

dien so phtrc d6 thude duong tron (C) va gan goc toa do O nhat, diém dé chi la mdt trong hai giao diém cua
duong thang Ol vai (C), khi d6 toa do cuia no thoa méan hé

2
X=1-—
y = 2X
Chon { ) ) o V5
(x-1)"+(y—-2)" =4 x:1+i
2 4 . 2 4
V6i X=1-— = y=2—-—= nén so phic z:(l——j+(2——ji
5 5 )\

Cach 2: S

Goiz =x+yi, M(x ; y) la di€ém biéu dién so phtrc z

Tacolz-1-2i|=2 < (x-1f +(y-2)" =4

Vay tap hop diém M 1 dudng tron (C) : (x—1)° +(y—2)° =4 cotdm 1(L2) va R=2
X =1+2sint
y =2+ 2cost
Modun cua sé phirc z chinh 1a do dai cha OM

Taco |z’ =OM? = (L1+2sint)’ +(2+2cost)” = 9+4(sint + 2cost)

Mit khac theo BDT Bunhiacopxki ta ¢é (sint+2cost) < (1° +2° )(sin” t + cos’ t) =5

- — 5Ssint+2005t£\/§:>\/9—4\/§§|z|£\/9+4\@

Vay |z| =y9-45 < sint+2cost = —/5 < sint = —%,cost = —%

= x—l—i y—2—i:> z —(1—ij+(2—iji
J5' J5 J5 J5

Chay:

Néu yéu cau tim

Chuyén duong tron vé dang tham sé dat { =M (l+ 2sint; 2+ 2cost)
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) ] 1 2
7| =+9+45 < sint +2cost =+/5 <> sint = ——,cost = —
2] J5 J5

SPIRYE PR SO O AN EORA

z+1—5i‘_ﬁ

Bai 14: Tim s6 phtic z c6 médun nho nhét thoa man: 3]
Z+o—1

Giai: ~

Goi z=a+hi (a,bthuécR) = z=a-bi

Tacp LH1-5i _a+bi+l-b5i _(a+1)+(b-5)i

z7+3-i a-bi+3-i (a+3)-(b+1)i

Theo gia thiét

|Z+1_5i|_\/(a+1)2+(b—5)2

[ 2+3-i \/(a+3)2+(b+1)2
a+1)’ +(b-5)°

(:)\/( ) +(b75) =V2 @ a’ +b* +10a+14b-6=0 (*)

\/(a+3)2 +(b+1)’

(*) 1a phuong trinh ciia dudng tron trong mat phing phie

_ 2

Nén s6 phirc c6 modun nhé nhat phan thyc va phan do 1a nghiém cuia dudng tron (*) va duong thang 10 véi
I (-5;-7) latam ciia dwong tron
Goi I 1atdm cua mat cau (S). | ed = 1 (1+3t;-1+t;t), R=1A=v11t* -2t +1

[ 34+2370
= 5t =
10 {a — Phuong trinh 37t? — 74t —3=0 < 37
b=-7t .37~ 24/370
37
Khi do ta duoc
34+ 24370 _34+24370 37-2370 _37-2J370,, .
_ 5§ = _7 - 7=-5 5 -7 3 (loai)

5 34+2y370 7 34 +2+4370

Vay sb phirc can tim 2 z = —
37 37

Bai 15: Trong sb cac s phirc thoa man didu kién |Z -2- 4i| = |Z - 2i| . Tim s6 phirc z c6 modun nhé nhat

Giai:

Gia str s6 phc z=Xx+Yyi (x,yeR)

Theo gia thiét ta co

[2-2-4i| =[z-2i| = [(x=2) = (y - 4)i| =[x~ (y-2)

S (x=2)+(y-4) =x*+(y-2) ©x+y-4=0y=—x+4
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Do d6 tap hop diém M biéu dién cac sb phirc z 1a duong thing y = —x +4

Mit khéc ta 6 |z| = \/X* + ¥ = X* +(—x+4)" =2x* —8x+16 = 2(x-2)" +8 > 22

2| =22 x=2=y=-2=2=2+2i
Nhén xét: o Q o
Qua cic bai ta thay dé tim ta c6 thé dung hinh hoc, bat dang thirc hodc tam thirc bac hai nhu bai toan sau day
Bai 16: Xét s6 phtic z théa man z - =M (meR)
1-m(m-2i)
N ;. — 1
a.Timmde z.z= 5
. 2 a1
b. Tim m dé |z—||§Z
¢. Tim sb phirc z 6 modun 16n nhét
HD:
1 1
a. m=+1 b ——<m<—
J15 J15
, m® +1 1 .
c. Taco |z|= 2+ = <l=l7  =lem=0cz=i
(m*+1)  Jm?+1

Dang 4: Tim t@p hgp cdc diém biéu dién sé phirc théa man diéu kién cho truéc
Phwong phap:

Logi 1: S6 phirc z théa min vé d6 dai (modun), khi d6 ta sir dung cong thirc |z| = Va® +b?
Logi 2: S phl'rc z 12 56 thuc (thue am hodc thuc duong). Khi d6 ta str dung két qua

a. Dé z 14 s6 thuc didu kién 12 b=0

a<0

b. Dé z 13 56 thuc am diéu kién 14 {

a>0

c. Bé z 1a s6 thuc duong diéu kién 1a {

d. Dé z1a sb a0 ditu kién1a a=0

Bai 1: Tim tap hop cac diém biéu dién trong miat phang phirc cac sb phirc z thoa méan:
z—1i

Z+i

a.|z|:‘2—3+4i‘ b. =1

Giai:
a.Patz=x+vyi (x,yeR),ta cé|z|=‘§—3+4i‘<:>w/x2 +y? =\/(X—3)2 +(4—y)2

SX+Y =(x=3)+(@-Yy) P X +y =x"-6X+9+16-8y+Yy> < 6x+8y =25
Vay tap hop cac diém can tim 1a duong thing co phuong trinh 6x +8y = 25.
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Z—1i

b. Pat z=Xx+Vi (x,yeR),tacé;‘=1©|z—i|=|z+i|c>|x+(y—1)i|:|x+(y+1)i|

SX+(y-1)?=x"+(y+1)* < y=0.
Vay tap hop cac diém can tim 14 truc thuc Ox

Bai 2: Tim tap hop cac diém bidu dién trong mit phing phic sb phic @ = (1+iv/3)z +2 biét ring sé phic z
thoa mén:|z-1|< 2.

Giai:
bat z=a+bi (a,beR)va w=x+YVi (X,y €R)
Taco [z-1<2< (a-1)°+b’ <4 (1)
—a-b/3+2 —3=a-1+b3
Tir @ = (1+iV3)z+2= x+yi = (L+iV3)@a+bi)+ 2 | 1 0 V3+2  [x-3=a-1+bJ3
y=+/3a+b y-v3=+3(@-1)+b
Tirdo (x—3)” +(y—+3)° <4[(a-1)>+b’ |<16 (do (1)).

Vay tap hop cac diém can tim 12 hinh tron (x —3)% + (y —/3)? <16, tam 1 (3;+/3) , ban kinh R = 4.

Bai 3: Gia sir M 1a diém trén mat phang toa do biéu dién sb phirc z. Tim tap hop nhiing diém
M théa man mot trong cac di€u kién sau:
a. |z-1+i|=2 b. [2+2]>|z-2 c.1<|z+1-i|<2

Giai:

a. Cach 1:

Taco M la diém trén mét phang toa d bicu dién sé phirc z va 1(1;-1) 1a diém biéu dién s6 phrcz =1-i.
Theo gia thiét ta co: Ml = 2.

Vy tap hop nhitng diém M chinh la dudng tron tm 1 (L -1)ban kinh laR = 2.

Céch 2:

bat z=x+yi suyra z-1+i=(x-1)+(y+1)i.

nén [2-1+i[=2 & J(x-1)7 +(y+1)? =2 = (x=1% + (y+1)* = 4.

Viy tap hop céc diém M(z) trén mat phing toa d¢ bicu dién cac s6 phirc z 1a duong tron tdm 1 (1,-1) ban kinh
R=2

b. Tacé: 2+z=2-1(-2)

Ta c6 M la diém trén mat phing toa do bicu dién s6 phirc z va A(-2;0) 1a diém bicu dién s6 phircz = -2,
B(2;0) la diém bicu dién s6 phirc z = 2.

Duya vao giai thiét ta c6: MA > MB

= M (ndm bén phai) dudng trung truc (X = 0) cua A va B. Hay x > 0.

c.Tacd: z+1-i=z—-(-1+1i)

Ta c6 M la diém trén mat phing toa do biéu dién s phirc z va A(-11) 1a diém bicu dién s6 phirc z = -1+1i.
Taco:1<MA<2.

Véy M thugc mién ¢6 hinh vanh khan tao boi 2 dudng tron tim A(-11) ban kinh lan luot 1a 1 va 2.

Bai 4: Xac dinh tap hop cac diém M biéu dién cic sd phirc z thda mdn mot trong cac diéu kién sau.
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a. ‘Z+E+3‘=4 b. 22—(2)2 =4
Giai:
bat: z=a+bhi
a. Ta co:
1
— — a:_
4z+z:2a+3©‘z+z+3‘:|2a+3|=4c> 27
a=——
2
1
X =—
Vay M c6 thé nam trén duong thing 3
X=3
b. Ta co:
z? —(E)Z‘:|4abi|:4|ab|=4©{M ex =1
Mexy=-1

Bai 5: Xac dinh tap hop cac diém biéu dién cac s6 phuc z thoa diéu kién sau:

L_‘=3
Z—i

Giai:
Goi z=a+hi taco:
|a+bi|=3Ja+(b-1i|< a® +b* =9(a’ +b* 20 +1) < 8a® +8° ~180+9 =0

2 2 2
©8a2+8(b2—9b+81j—9=0©8a2+8[b—9j =9<:>a2+(b—9j :(3j
4 64) 8 8 8 8 8

Vay quy tich cac diém biéu dién s phirc z chinh 1a duong tron tam | (o; gj ban kinh R = g

A S AL 1w .2 , < 2 IS ST S SR Z+1 |, o«
Bai 6: Tim tat ca nhitng diém ctiia mat phang phirc bi€u dien cac so phirc z sao cho:=—— a so thyc.

Z+i
Giai:
Goi z = a+hi taco:

. . 2 2 - a:0
a+(b+1)? :[a+(b+1)|][a—(1—b)|]:[a +(1-b )]+[23bl]€R®{ab=0 - LZO
a+(1-Db)i a’ +(b-1)? a’+((b-1° a+(@1-b)i=0

(a;b) = (0;2)

Vay quy tich cac diém biéu dién s phirc z chinh 13 nhitng diém nidm trén 2 tryc toa d6 bo di diém (0;1)

Bai 7: Gia sir M(z) la diém trén mit phang toa do biéu dién s6 phic z. Tim tap hop nhitng diém M(z) thoa man
diéu kién sau: |2 + Z| = |i — Z|

Giai:
Cach 1:
124 x+ yi| =i - x—yi| < (x +2) +y =X +(l-y) @4 + 2y + 3 = 0.
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Vay tap hop cac diém M(z) 1a duong thang 4x + 2y + 3 = 0.

Céach 2:

Goi A(-2;0), B(0;1).Khido [2+z|=|i—z| < |z—(-2)|=|z—i|] haylaM (z)A=M(z)B.
Vay tap hop cac diém M(z) 1a duong trung truc cia doan thing AB

Bai 8: (PH — D 2009) Trong mit phing toa d6 Oxy, tim tap hop diém biéu didn cac sé phuc z thoa min diéu
kién |z (3-4i)|=2.

Giai:
Goi z=x+yi(xeR,yeR), taco: z—3+4i=(x-3)+(y+4)i

Tir gia thiét ta co: \/(x—3)2+(y+4)2 :2c>(x—3)2+(y+4)2 =4

Tép hop céac diém biéu dién céc s6 phie z la duong tron tam | (3;-4), ban kinh R = 2.

Bai 9 : (PH - B 2010) Trong mit phing toa dd Oxy, tim tap hop diém biéu dién cac sb phirc z
thoa méin: [z —i =|(1+i)Z]

Giai:

Goi z=x+yi(xeR,yeR), taco:

|z2-i|=|(1+i) 2] < |x+(y-1)i|=|(x=y)+(x+y)i|

X +(y-1) =(x=y) +(x+y) & X +y*+2y-1=0 & x* +(y+1)’ =2

Tap hop cac diém biéu dién cac sb phic z 1a dudng tron tam 1(0;-1), ban kinh R =+/2 .

Bai 10: Xéc dinh tap diém biéu dién s phirc z thoa mén: |z —i|+|z+i|=4

Giai:

Giastr: z=x+Yyi (X,ye R)

Suy ra M(x; y) biéu dién sb phuc z.

Taco: |z—i[+[z+i[=4 < |x+(y=Di|+[x+(y+Di| = 4 & X +(y -1 + X +(y+1)? =4 (¥)
bat: F (0;-1), F,(0;1)

Thi (*) & MF, + MF, =4> FF, =2

Suy ra Tap hop diém M 1a elip (E) ¢6 2 tiéu diém 1a Fy, Fa.

Ta viét phuong trinh elip (E):

2 2
Phuong trinh chinh tic cta (E) ¢6 dang: X—2+§ =1 (a >b>0; b’ =a*- Cz)
a

MF +MF, =2a=4 a=2
Ta co: ! 2 =N —b’=a’-¢c?*=3
FF,=2c=2

. XZ 2
Vay(E):Z+y?= .

Bai 11: Xac dinh tap hop cac diém trong mat phang phirc biéu dién cac sé phirc z thoa man hé thirc
2|z-1= ‘z —E+2‘

Giai:
bat z=x+yi (x,yeR).Taco
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2|z—]4:‘z—2+2‘©2|x+yi—1|:|x+yi—x+yi+2|<:>2|x—1+yi|:|2+2yi|

x=0
2J(x=1) +y? =\J4+4y? & x? —2x =
S 24(x-1) +y +4y* & x* - 2x oc{x:Z

Vay tap hop cac diém can tim I 2 duong thing

Bai 12: Trén mp phuc tim tap hop diém biéu dién sé phuc z:
1.|z]=1 2. |7]<2 3. [z-z+1-2i=3.

Giai:

Dit z=x+Yi (x,y € R) va diém M(x;y) biéu dién s6 phirc z trén mét phing phirc.
Taco:|z]=1e X +y* =1l X2 +y? =1,

Vay: Tap hop cac diém M la duong tron tam O(0;0) ban kinh R = 1.

2.Dat z=x+yi (x,y €R) vadiém M(x;y) biéu dién s6 phirc z trén mit phang phc.

Taco: [z|<2 o (X2 +y? <2 X +y’ <4,

Vay: Tap hop cac diém M 14 hinh tron tam O(0;0) ban kinh R = 2.

3. Biéu dién s6 phirc z=x+yi (X, y € R) béi diém M(x; y) trong mat phing toa do Oxy, ta co:

2-z+1-2i=3 o l+2(y-1)i|=83e | +(2y-2) =3 (y-1) =2 y =122

Tap hop diém M biéu dién cac s6 phtic z 13 hai dudng thing song song Véi truc hoanh y =1+ J2.

Bai 13: Trén mp phuc tim tap hop diém biéu dién sé phuc z:
1 |z-1=1 2. |z-i|=1

Giai:

Dit z=x+Yi (x,y € R) va diém M(x;y) biéu dién s6 phitc z trén mét phing phirc.
Taco:|z-l=1lc|x+yi-1=1< ‘(x—1)+ yi‘ =l (x-1)" +y?* =1le (x-1) +y* =1,
Vay: Tap hop cic diém M 1a duong tron tam 1(1;0) ban kinh R = 1.

Dit z=x+Yi (x,y € R) va diém M(x;y) biéu dién s6 phitc z trén mét phing phirc.

Taco:|z—i|=1s |x+yi-i| =1 |x+(y-1)i|=1c X +(y-1) =1 X’ +(y-1)° =1.

Vay: Tap hop cic diém M 1a dudng tron tam 1(0;1) ban kinh R = 1.

Bai 14: Xac dinh tap hop diém biéu dién s phirc thoa didu kién:
r —\2 —
1. 2% 1356 a0 2. 22:(2) 3. 2|z—i|:‘z—z+2i‘

Giai:
1.Ddt z=x+yi (x,y e R) va diém M(x;y) biéu dién s6 phitc z trén mit phing phirc.
2? =(x+ yi)2 = X" — y* + 2xyi
. X-y=0&y=x
Do z° Iasééoc>x2—y2=0©(x—y)(x+y)=0<:{ y y
X+y=0&y=-X
Vay: Tap hop diém 1a hai duong phan gidc: y =X, y = —X.
2. D4t z=x+yi (x,y € R) vadiém M(x;y) biéu dién s6 phirc z trén mit phang phc.
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x=0

7° :(E)z @xz_y2+2Xyi:x2_y2_2xyi<:,>4Xyi:0<:,>x_y:0@{y_0_

Vay: Tap hop diém 1 cac truc toa do.
3.Ddt z=x+yi (x,y €R) vadiém M(x;y) biéu dién s6 phirc z trén mit phang phc.

2|z—i|:‘Z—E+2i‘<:>2|x+yi—i|:|x+yi—x+yi+2i|<:>2‘x+(y—1)i‘:|2yi+2i|

<:>2‘x+(y—1)i‘:2‘(y+1)i‘<:>‘x+(y—1)i‘:‘(y+1)i‘<:>\/x2 +(y—1)2 :\/(y+1)2
=% +(y—1)2 :(y+1)2 = y:XT:

2

.2 N X
Vay: Tap hop cac diém M la parabol y = T

Dang 5: Sé phirc véi cdc bai toan chirng minh

Phwong phap:

- Trong dang ndy ta gdp cac bai toan chirng minh mot tinh cht, hoic mot dang thirc vé sb phirc.

- Dé giai cac bai toan dang trén, ta ap dung cic tinh chit ctia cac phép toan cong, trir, nhan, chia, s6 phic lién
hop, mddun cua sb phirc ¢4 duge chirng minh.

Bai 1: Chung minh rang v&i mdi s6 phtrc z, ¢6 it nhat mot trong hai bat déng thic sau xdy ra:

|z+1] z%hoéc ‘zz +1‘ >1

Giai:

. ) . 1 .
Gié sir ta c6 dong thoi |7+1) < —= va‘z2 +1‘<1. Pit z=a+bi (a,b eR)

V2
(1+a)2+b2<% - 2@’ +b*)+4a+1<0 (1)
(@*> +b*)* +2(@*-b*) <0 (2)

Taco
(1+a® -b%*)?* +4ah® <1
Cong timg vé (1) véi (2) ta duoc (% +b?)? + (2a+1)* <0 (v6 Iy). Suy ra dpcm.

z+l <2.

yA

Bai 2: Cho sb phirc z # 0 thoa mén < 2. Chimg minh ring:

1
ZS+—3
YA

Giai:
Dé chirng minh dwgc rang véi hai sé phic z,,z, ta co |Z1 + 22| < |Zl|+|22|
3 3
. 1 s 1 1
Tul| z+ =" +—+3|z+ _ |,suyra
Z Z z

1
Z+
z

1 <2+3
Z

7+ | <|2®+

z

is+32+

1
Pit a=|z+ |tadugc a®-3a-2<0< (a-2)(a+1)°<0=a<2 (dpcm).
z
‘ - 1 1 3
Bai 3: Chirng minh rang 2’ +2+41=0;2=2"==; 2" =L.V6i Z:_E+7I
z
Giai:
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DO 2’ == o 2 4 z4l= (-2 -2 4 (= + 2 §) +1=0;
2 2
3
—— =1
1 1 1 /3
Laico—= -2 2 _ - X7
z 1 3 1 2 2
-+
2 2
-1
Suyra z"=z=.Honnitatacod z° =z°.z =1.

z

Bai 4: Cho z,, z, € C.Chimg minhring : E=2,7,+72.2, €R
Giai:
Dé giai bai todn nay ta s dung mot tinh cht quan trong cua sé phuc liénhop do la:z e Rz =z
That vay:
Gidstz=x+yi= z =X-Vi.
z=7 S Xtyi=x-yieoy=0=z=xeR
Giai bai toan trén:

Tac6 E= 2,2,+2.2,=22,+2,2, =E=>E eR

Bai 5: Chirng minh rang:

1.E = (2+i\/§)7+(2—i\@)7 cR

2. E,= 19+_7| N 20+5_| cR
91 7+ 61

Giai:

1.Taco: E, = (2+i\/§)7+(2—i\/§)7 :(2+i\/§)7+(2—i\/§)7 :(2—i\/§)7+(2+i\/§)7 =E = EieR
(19470 (20+51)" _((19+7i)(©0+i) ”+ (20+5i)(7-6i) Y’
e (T =) |

9-1i 7+6i 82 85

:(164+82i) +(170—85ij _(2+4i) +(2-i)
82 85

= E,=E, >E; R

Bai 6: Trong mit phang toa do Oxy, cho A va B 14 hai diém l4n luot biéu dién hai nghiém phirc ciia phuong
trinh z2 + 62 +18 = 0. Chitng minh rang tam gidc OAB vudng can.

Giai:
Phuong trinh: z> —62+18=0 ¢c6 A'=9-18=-9=09i°
nén co6 hai nghiém t, =3+3i hoac t, =3-3i
Trong mat phang toa do sb phtic t, co diém biéu dién 1a A(3 ;3)
s6 phirc t, c6 diém biéu dién 1a B(3 ;-3)
AOAB ¢6 OA=0B =32 nén AOAB can tai O
OA(3;3), OB(3;-3)= OAOB=0= OA 1L OB
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Nén AOAB vudng tai O. Vay AOAB vudng can tai O

Bai tap tw giai tong hop:
Dang 1: Cac phép toan vé s6 phirc

Bai 1: Thyc hién phép tinh:
4-3i

— +
1+1

1+i
4—3i
1+i2
2+iV3

i)(5+3i)

a. A=

d. D=(2-5i)+

1

3-2i

g-G=

-

Ps:

b. B 11 39.

= — 4+ —1
15 25

Bai 2: Tinh gi4 tri biéu thic:

a. A=(3++/2i0)2 +(\3-+2i)?.

b. P=(1-+2i) +(1++2i)> =-2

C. P=(X-1-D)(x-1+i)(x+1+i)(x+1-1)
Ps:

c. P=x"+4

Bai 3: Thuc hién cac phép toan sau:

oo
(33

e. [(3+2i)—(3-2i)]

-\ 2
0. (“?'J ho it 402 +..+i%
1-1i

Bai 4: Thuc hién phép tinh:
a. 3 . li C. l

1+2i 1—i ivm
. 3+i 1+ 2i)2 — (1—i)?
S (@-2D)(L+i) C (3+2i) - (2+1i)?
Ds:
a=— =i b.i c. —i/m

b Bzzz_i . C:(S—Zi)[(4+3i?—(1+2i)]
8 -6l 5 4i
_(9_ni - — 34
=(2 3I)(1+2l)+3+2i f. F_(1—4i)(2+3i)
. 2 5.
b. (2—3|)—(3—4|)
d. (3+1ij—(—5+3ij+(—3—4ij
4 5 4 5 5
(2+|) +(2-i)®
(2+|) -(2-i)°
T S L
q a+iva
" a-iva
a+ivb 6
g. /2 h. (2-1)
g 21, 2,
a+l a+1
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e 2,3 22,9, g.\/E—i\/E
a

5 5 34 17

h. —117 — 44i

Bai 5: Phan tich ra thira s6 (thuc chat 1a phan tich thanh tich cac da thic)

a a’+1 b. 2a%+ 3 c. 4a* + 9p?
Ps:

a.(a—i)(a + i)

c. (2a - 3bi)(2a + 3bi)
Bai 6: Tinh :
a.1+(1+i)+(1+i)2 +(1+i)3 +..‘+(1+i)20

c. Tinh 2 bibt ring: z,=3i va z, =1+ /3i

ZZ
Ds:
c. A=
ZZ
Bai 7: Thyc hién phép tinh
a (1-i)" b. (L+i)° c. (1-i)’
Ds:
a. —32i b. 16 c. 2-2i

Bai 8: RUt gon cac biéu thirc sau day

1

2

"+ - .
7 V1+m® +mi

a —— (z¢0) b —————
Z+E—1 m—i\/1+m2
z
1 1 2 1 1
C. [ > 2j+ 2.[—+—j (2,2, #0)
2,+2, \7; +1, (21+Zz) z, 1,
Ds:
a. z+1 b. i %
leZ

Bai 9: Cho da thic P(z)=2°+22"-3z+1
Tinh gid tri cia P(z) khi z=1-i;z=2+i3
Ps: P(1-i)=-4-3i; P(2+iV3) = -13+14i\3

d. 3a%+ 5b?

b. (av2 —iv/3)(av2 +i,f3)
d. (av/3 —ib/5)(av/3 +iby/3)

b. 1+i+i% +i° +...+i*

d (1+i) e (

d. —2+2i

(m 1a tham sb thuc)

Bai 10: Cho sb phitc z =X+ Vyi; X,y € Z thoamén z° =18+ 26i .

Tinh T =(z—2)2010 +(4—z)2010
Bai 11: Rat gon biéu thirc
a. A=z +iz° —(l+2i)z2 +32+1+3i Voi z=2+3i

b. B=(z—z2 +223)(2—z+zz) Véi z=%(\/§i—l)

1+i

1-1

1-i

J

1+1

3
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Ps:
a. A=-92-156i b. B=7

Dang 2: S6 phire va cac thude tinh ciia né
Loai 1: Xac dinh phin thuc va phan 4o ciia s6 phirc

Bai 1: Tim phan thyc, phan 4o cuia s phirc z = (2- i)3 .

Bai 2: Tim phan thuc va phan 4o cia sb phirc:

3o V2-i
1+i i

c. (2+i)° -(3-i)’ d. Z:G;:ﬁ]

a. X

b, (L+i)% — (1—i)?

Ps:
a. \/§_3Vé 2/2-1-+3 b.Ova4
2 2
c.—16va37 d. 1 vaﬁ
2 2

< - N by R X ) z , 2—-i 1+i

Bai 3: Tim phan thyc va phan ao cua so phtc: x = - -
1+2i  3i

Bai 4: Tim phan thuc va phan 4o ctia s6 phic sau

1+(1+i)+(1+i)2 +(1+i)3 +...+(1+i)20

HD: |

Ap dung cong thirc tinh tong cuia CSN

Véoiu, =Lg=(1+i)van=21

Ps: phan thyec —2'°, phan do 2° +1.

Bai 5: Tim phan thuc va phan ao cia sb phirc z biét: z2 =—2+ 23 i

Bai 6: Cho s phirc z = X + yi. Tim phan thyc va phan 4o cua cac sd phic:
Z+i

a u=2z"-2z+4i b. v=—ro
iz-1
Ds:
a.x’—y*—2xva 2(xy-y+2) .S 2y Zva)zl X 12
X“+(y+1 X+ (y+1)
3-4/3i

J3-3i

Bai 8: Tim phan thyc va phan a0 ctia mdi s6 phirc sau:

n
Bai 7: Hoi v6i sb nguyén duong n nao, sb phirc ( j |2 s6 thyc, 14 s 40?

2. 1-i

Ps:

C. i(ﬂ —ilj; d. [1—+ijz+(l—i)1° +(2+3i)2-3i)



a. -1va0
Loai 2: Viét s6 phirc dw6i dang dai s6

Bai 1: Viét cac s6 phtrc dudi dang dai sb

1+2i) —(1-i) :
a z= 1+ -|)2 ( '_)2 b. Z=L

(3+2i)" —(2+i) (1+i)(2-3i)
b. z=2i" +i° d. 7 = {207 4 j208
Ds:

445, 0, 12,5,

318 318 2= 570

Z=-2-I d z=1-i

Loai 3: H3y biéu dién s6 phirc z

Bai 1: Cho s6 phitc z=m+(m-3)i, meR
a. Tim m dé biéu dién cuia s6 phirc ndm trén dudng phan giac thir haiy = — x

N A 1A « X 5 A /. M A 2
b. Tim m d¢ bi€u dién cua so phitc nam trén hypebol y=—-";
X

c. Tim m dé khoang cach cua diém biéu dién s6 phirc dén gdc toa do 1a nho nhat.
Bai 2: Xét cac diém A, B, C trong mit phang phirc theo thir tu biéu dién cac s phirc

4| 2+6i

1 @-DA+2i); 3

a. Chu:ng minh ABC 1a tam giac vubng cén;
b. Tim s6 phtc biéu dién diém D sao cho tir giac ABCD 1a hinh vudng.
Bai 3: Tim cac sb phirc lién hop vai cac sb phirc trén rdi biéu dién chiing trén mit phing phic
Bai 4: Cho s6 phiic z = a+bi. Hoi a, b phai thoa man diéu ki¢n gi dé
a. Diém biéu dién cung nam trong dai gitta 2 duong thang X=-2Vvax=2
b. Piém biéu dién cing nim trong dai giita 2 duong thing y = -3i va y = 3i
c. Biém biéu dién cang nam trong hinh tron tm O, bén kinh 2
Bai 5: Cho ABCD Ia hinh binh hanh véi A, B, C lan luot 14 cac diém biéu dién cac s6 phirc1—i
Tim s phtc z ¢6 diém biéu dién 12 D.

Loai 4: Tim modun ciia s6 phirc z

Bai 1: Tim modun va acgument cia sb phirc
(5+3iV3)
{1—2% ]

Bai 2: Tinh |z|, biét rang:
(1+i)° (v2-i) .

- (V2+i)(a-iy 2 i s

, 24+31,34+1.
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(2-i)(1+2i)(2—4i)

C.z= d. z=(2-1)(1+2i)(3-4i

— (2-i)(1+2i)(3-4i)
l+itana 1+2-i

I=—" ffz="——F+—

1-itana 1++/2 +i

Ds:

a. 1 b. a7 C. a5 d. 25 e.l f.1

10 V13

Bai 3: Cho ba s phirc x, y, z cing c6 modun bang 1. So sanh modun ctia cac s& X+ Y+ Z VA Xy + Yz + 2X
Ps: [X+y+ 2| =[xy + yz + 2|

Loai 5: Tim s6 phitc lién hop ciia sé phirc z

Bai 1: Tim sb phirc nghich dao cua sb phiic z biét

a. z=3+4i b. z=-3-2i

Ps:

LT3 4, 1_3,2,
"z 25 25 "z 13 13

Loai 6: Sy bang nhau ciia hai s6 phuc

Bai 1: Tim hai s6 thyc x, y thoa mén dang thic

a. X(~1+4i)+y(1+2i)° =2+9i b. X1+ N_3+2
—i
C. (I-i)x+(4+2i)y=1+3i d. (3-2i)x+(5-7i)y=1-3i
Ds:
8 5
x=5 [X:ﬂ X=73
b. C. d.
y=1 _ _2
T Y73
Bai 2: Tim hai s6 thuc x, y sao cho z=(2-3i)x+(1+4i)y la
a. La s6 thuc b. La s6 thudn 4o c. Bang 0 d. Bang i
Ds:
1
X=——
a. 3x—-4y=0 b. 2x+y=0 c. x=y=0 di 121
y= 1

Bai 3: Tim céc s nguyén X, y sao cho sé phirc z = x + iy thoa man z° =18 + 26i
Pip s6: 2 =3+ ’

Bai 4: Vi diéu kién nao thi so6 phicc z = a + bi théa mén:

a.z2=1 b.z=-z C.2=-1Z

Ds:
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a.b=0 b.a=0 c.a=b=0
Dang 3: Tim s6 phirc z théa man diéu kién cho truéc

Bai 1: Cho s6 phirc z thoa mén |z — 2+ 2i| =1. Tim gi tri 1on nhat, gia tri nho nhét cia |7
=2\/§+1c>z=4+ﬁ—4+\/§i;| N o1z AN A2

2 2 min 2 2
Bai 2: Cho hai s6 phuc z,,z, thoa man |z,|=3; |z,|=3; |z, —2,|=+/37 . Tim s6 phttc z =

Pip sb: |

.
Zl
7,
Bai 3: Tim s6 phic z thoa mén: E—? ~1-3i.

5

Bai 4: V/6i gid tri thuc ndo ciia X VA y thi céc sb phite z, = 9y2 —4—10xi° va z, = 8y? + 20i*! I3 lién hop ciia

nhau ?

1+4/3i
1-/3i
Bai 6: Tim s6 phtrc z thoa mén (z+1)° +2(z+1)" +(z+4)" +1=0
|z-2+3i|=2
lz'+1] =1

n
Bai 5: Tim céc s6 nguyén n dé s6 phuc z = ( j la mot s6 thuc

Bai 7: Cho céc sb phirc z,z' thoa mén didu kién{ . Tim z,7' sa0 cho |z —z'| nho nhat

Bai 8: Cho biét |z + 1 =a.Tim sb phirc c6 module 16n nhat , module nhé nhat
z

Pap sb: Cac s phitc cin tim 12 : z =é(a+m) Va7 =é(a—\/m)
Bai 9:

a. Trong cc so z thod mén 1|2z — 2+ 2i| =1 hay tim 6 z c6 moidule nhé nhét

b. Trong céc sb z thoa méan :|Z - 5i| < 3 hay tim s6 z c6 acgumen duong nho nhat
Bai 10: Tim s phitc z théa man : |z| - 2z = —1-8i

-12

Bai 11: Tim s phc z thoa man déng thoi: |-

3
Ps: C6 hai s6 phtrc théa man z =6 +17i va z = 6+ 8i
Bai 12: Tim s6 phitc z thoa man |z =1 va |~ + £| =1
Z 7

Dang 4: C4c bai toan vé tap hop diém

Bai 1: Hay tim tap hop cac diém biéu dién ctia s6 phuc z thoa man diéu kién:

a.|z| <2 b. |z-1<1
c.|z-1-i|<1 d. 1<|z+1-i|<2
Ds:
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a. Tap hop 1a 1a cac diém nam trong dudng tron tm O ban kinh R = 2
b. Tap hop la hinh tron tam 1(1;,0) bankinhR =1

c. Tap hop 1a cac diém nam trong duong tron tam 1 (11) va ban kinh R =1
d. Tap hop 1a cac diém 14 hinh vanh khin tam | (~1;1) va c6 ban kinh I6n bang 2 va nhé béng 1

Bai 2: Xc dinh tp hop céc diém trén mat phing biéu dién s6 phic: 2|z —i| = ‘z 7+ 2i\ .
X2
Ds: Tap hop 1a mot Parabol y = e

Bai 3: Xac dinh tap hop cac diém trong mit phang phic biéu dién cic s phirc z thoa mén diéu kién sau:
‘z—2§+1—i
Bai 4: Tim tap hop céc sb phiic z thoa man mdt trong cac diéu kién sau
a. |z+2|=|i-1|
b. |z —4i|+|z +4i|=10
Ds: i
a. Tap hop diem M la duong trung truc cia doan AB:4x+2y+3=0

2 2
b. Tap hop diém M 1a duong Elip (E):XE+Z—5=1

=[z+3

Bai 5: Tim tap hop céc diém M (X;y) trong mit phing Oxy biéu dién s6 phitc z théa 7+41= [%Jr ZIJ‘E‘
Bai 6: Tim tap hop cac diém biéu dién trong mit phing phtrc s§ phic @ = (1+i+/3)z + 2 biét rdng sb phic z
thoa man: ‘z —ﬂ <2.

Bai 7: Xac dinh tap hop cac diém trong mit phang phirc biéu dién cic sé z thoa m diéu kién
Sau:

a. (2-2)i+z) lasé dotlyy b. |2z +1|=|z+i-3]|
Ps: i i o
Bai 8: Tim tap hop nhirng di€ém M biéu dién s6 phirc z thoa man:
a. z+2i laso thuc b. z—2+i laso thuan ao
c.22=9 d.z_$'=1mséﬂmc
Z+1
e. 2-2)(i+z) lasdaotlyy f.
Bai 9: Tim tap hop nhitng diém M biéu dién sé phuc z thoa méan:
a.lz+3=1 b. |z+i|=|z-2-3il C.|z-2|+|z+2]=10

Bai 10: Hay xé4c dinh tap hop cac diém trong mit phang phirc bi¢u dién cac sd z thoa man mdi diéu kién sau:
a. |z+1<1 b. 1<|z-i|<2

c. [2i - 27 =[22-1) d. 2iz-1 =2z +3

Bai 11: Xac dinh tap hop cac diém trong mat phang phirc biéu dién cac s6 z thoa man mdi didu kién sau:
a. ‘Z+E+3‘=4 b. ‘Z—E+l—i‘=2

Ds:
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+
a.x=£vz§1x=—Z b.y=1_\/§
2 2 q 2 o ,
Bai 12: Xac dinh tap hop cac diém trong mat phang phirc bi€u dién cac so phirc z théa mén
z

— | =k, (k la sb thuc dwong cho trudc).

Z—1
Bai 13:
a. Tim s6 phuc z, biét |Z| =24/5 va phén 4o ciia z bang hai 1an phan thyc ciia no.

b. Tim hai s6 phuc biét tong cua chung bing 2 va tich cua chung bang 3.
¢. d) Tim s6 phtc z biét |Z| = 4 va z la sb thuan ao.

d. Trén m3t phang Oxy , hay tim tap hop diém bicu dién s6 phirc z théa mén dang thic |7 =3
e. Trong mat phang toa do Oxy, hay tim tap hop diém biéu dién s6 phtrc z thoa man dang thirc |Z + i| =2.

Bai 14: Tim tét ca cac s6 phirc z thoa min dong thoi cac didu kién: |22 —(Z.E)2 =4,

Ps: Tap hop diém 1a hypebol y = )1( Y =-— i .

Bai 15: Tim s6 phuc z sao cho A= (z—2)(z+i) 13 mot sé thuc

Bai 16: Tim tét ca cac s6 phirc z thoa min dong thoi cac didu kién: |z] = 5 va Z;;?ll la s6 thyc

Bai 17: Tim tap hop cac diém biéu dién cta s§ z —1— 2i biét sb phirc z thay ddi thoa man |Z +1+ i| =1

Dang 5: Chirng minh tinh chit ciia s6 phirc

- —> D . 2 X y A r ’
Bai 1: Cac vecto u,u'trong mat phang phuc theo thi ty biéu dién cac so phic z, z°.
- >

a. Chirng minh rang tich vé huéng u.u'= %(EZ+Z;) ;

- —>

b. Chirng minh rang u,u' vuéng goc khi va chi khi |z +2'|=| z - z'].

Bai 2: Chung minh rang v6i moi sb phiic z, w, ta cc')|z + W| < |Z| + |W| . Dang thic xay ra khi nao?

HD:

Goi A, B, C 1an luot 1a cac diém biéu dién cua céac sb phuc z, w, z+ w. Ta cc')|z| = OA,|W| = OB,|Z + W| =0C.

T OC < OA+ACsuy ra |z+w| <|z|+|w]|.

Hon nita OC = OA + AC khi va chi khi O, A, C thang hang va A thudc doan thang OC. Khi O = A (hay z = 0)

diéu d6 co nghia la c6 sé k > 0 @& AC = kOA tirc 1a w = kz.

(Conkhiz =0, ré rang|z +w| =|z|+|w|).

Vay |2+ w| =|z|+|w| khi va chi khi z=0 hodc néu z = 0 thiton tai k e R, dé w=kz.

(L-i)° (V3+i)
(—l—i\/§)10

Bai 4: Chirng minh z = la mot s6 thue
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Bai 5: Chung minh rang néu a+bi =(c+di)" thi a*+b? :(C2 +d2)n

HD:

a -+ bi =(c+di)"|a+bi|=‘(c+di)"‘

.12 nl? .\ [2N
=a +bil =‘(C+dl)‘ :‘(c+d|)‘ —a? +b?

(cz+d2)n

Bai 6: Cho hai s phtrc z; va z, théa man z7 +z2 = z,z, . Chimg minh rang |21| = |Zz| = |Z1 - ZZ|

Bai 7: Cho z =—; +§i . Chirng minh rang :(Z)3 =1.

Bai 8: Ching minh 3(1+i

Bai 9: Cho hai sb phiic z, w. chimg minh: & zw =0 < {

=4i(1+i

)2008

-4(1

+1

. )2006

z=0
w=0

N , . 3 . £ LA 3 Aoz 1A A L X+ . .
Bai 10: Chirng minh rang moi so phirc c6 mddun bang 1 déu cé thé viét dudi dang —— Vi x 1a SO thuc ma ta

phai xac dinh

Bai 11: Cho z va z' 1a hai s6 phuc bét ki . Ching minh ring :

a. (z+z'):E+z_'

C.z2'=217'

e. ‘z.z"=|z|.‘z"

Bai 12: Cac diém A,B,C va A,B',C' trong mit phiang phirc theo tht ty biéu dién cac s6

b. (z—z')=E—z'

1-i, 2+3i, 3+i va3i, 3-2i, 3+2i.
Chirng minh rang hai tam giac ABC va AB'C’ ¢6 cling trong tim.

Dang 6: Giai phwong trinh bac nhat véi s6 phirc

i'(z';&O)
z

Bai 1: Giai cac phuong trinh sau trén tap s6 phic

2+1i -1+3i

a. - -
1-i 2+1
d. z2-z=0

+—i
2 2 2 2
Bai 2: Giai phuong trinh
a. |z|—z:l+2i
Ps:

b. -1+i;=
2

e. 22+|z|:0

e. 0:i;—

b. [(2—i)E+3+i](iz+Eli)=0

f. z° +|z|2 =0

C. 2+4i
3

f. bi (beR)

b. |z|+z:2+i

C.2+22=2-4i
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a.azg;bz—Z b.azg;bzl

3
Bai 3 : Giai cac phuong trinh sau
a. (1+i)z+(2-i)(1+3i)=2+3i b. 2z+3i=7+8i
C. (1-3i)z+(4+3i)=7-5i d. (1+i)z+3=2i-4z
) —(1+2i)=5-06i
e T (1+2i)=5-6i

B. CAN BAC HAI CUA SO PHUC VA CAC LOAI PHUONG TRINH, HE PHUONG

TRINH
Dang 1: Tim cin bic hai ciia s6 phirc
Bai 1: Tim cin bac hai cta cac s6 phtc sau:
a.—5+12i b. 8+6i c. 33-56i d. —3+4i

Giai:
a. Goi z =x+1y la mot can bac hai cua —5+12i tic la
(x+iy)’ =-5+12i & x* - y* + 2ixy = -5+12i
X2 —y? =-5 X —y? =-5 x> =4 X =12
= = & &
2xy =12 x* +y> =13 y2 =9 y =43
N £ L [x=2 g X=-2
Do b=12> 0= x,ycung dau do do6 hoac
y=3 y=-3
Vay -5+12ic6 2 can bac haila z, =2+3i va z, =-2-3i.
b. Tuong tu goi Z=X+1iy la mdt can bac hai cia 8+ 6i tac la
(x+iy)2=8+6i©x2—y2+2ixy:8+6i
x2—y?=8 X -y’ =8 x> =9 {X:J_r?:
& & & &
2Xy =6 x* +y> =10 y> =1 y==1
. X=3 X=-3
Do b=6>0= x,y cung dau do do6 hoac
y=1 y=-1
Vay 8+6ico 2 canbac haila 3+i va —-3-1i.
c. Goi z=x+1y la mot can bac hai cua 33 -56i tic la
(x+iy)” =33-56i < x* — y* + 2ixy = 33— 56i

x* —y? =33 x* —y? =33 x> =49 {X=i7
= = = =
2xy = —56 x* +y®> =65 y> =16 y==4

L X=7 X=-—7
Do b=-56 <0 = X,y trai dau do dé{ hoac{
y=-4"|y=4

Vay 2 can bac hai cia 33-56i 1a 7—4i va -7 +i4.
d. Goi z = x+iyla mot can bac hai cia —3 + 4i tic la
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(x+iy)2 =-3+4i ox* -y +2ixy =-3+4i

X2 —y?=-3 x> —y?=-3 X? = X=11
= = = =

2xy = 4 x> +y>=5 y> =4 y =42

. . x=1 x=-1
Dob=4>0=x,y cungdéudodé{ hoéc{ 5
y

Vay 2 can bac hai cia —-3+4ila1+2i va -1-2i.
Bai 2: Tim céc cin bac hai ctia moi so phuc sau:

a.4+6+/5i b. -1-2./6i
Giai:
a. Gia st z=x+1iy (x,y € R) la mgt can béc hai cua W = 4 + 6+/5i
35
) Xz_y2:4 y:_ (1)
Khi do: z* =w < (X + i) =4+ 651 < \f@ 4X
2Xy=6 5} Xz__25:4 (2)
X
Q) ox' -4 -45=0=x =9 x=+3.
x:3:>y=\/§
x:-3:>y=-\/§

Vay sb phirc w =4 + 6~/51 ¢6 hai cin bac hai1a: z; =3 +/5iva z,=-3-/51i
b. Gia str z = x +yi (X, y thuoc R) 1a mot can bac hai ciia w = -1-2:/6i

—/6
) Xz_y2:_1 y=—" @
Khido: 22 =w e (x+yi) =-1-2J6i = 5 X
2Xy=—2 6 Xz_%:_l (2)
X
R oext+X¥-6=0cxX=2cXx=+/2.
x= 7 = y=-\3
=2 >y=13

Vay sb phirc w =4 + 6~/51 ¢6 hai cin bac hai 1a: z; = V2 -\/3iva z,= -2 +4/3i

Dang 2: Phwong trinh bac hai

Bai 1: Giai cac phuong trinh sau:

a. X" —(3+4i)x+5i-1=0; (1) b. x*+(1+i)x-2-i=0; (2)

Giai:

a. Taco A=(3+4i)’ —4(5i—1)=-3+4i.Vay A c6 hai cin bic hai a 1+ 2i va —1 — 2i,
3+4i+1+2i _3+4i-1-2i

Do d6 pt (1) ¢6 hai nghiém 1a: x, = 2+3i; X, — G 1+

b. Taco A=(l+i)2 —4(—i—2)=8+6i .Vay Aco haicdnbac haila3+iva-3—i.
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Do dé pt (2) c6 hai nghiém 1a: X, =_1%+3+'=1;x2 _ ‘1"2‘3" _ o
Chay: 9
PT (2) c6 thé dung nham nghiém nhd a+b+c¢=0
Bai 2: Giai cac phuong trinh sau:
a. 3’ +x+2=0 (1) b. x> +x+1=0 (2) c. x*’-1=0 (3)
Giai:
a. TacoO A=-23=-23i° <0 nén ta co hai cin bac hai cua A la:
141
iv/23 va —iv/23 . Tir d6 nghiém ca pt (1) 1&: x,, =1+J273
141

b. Tacd A=-3=-3i* <0 nén (2) co cac nghiém la: X, = LTI\@

x-1=0
c.Tacd (3) (x—l)(x2 +x+l) =0,

X“+x+1=0; (%)

141 _1+i

Theo b. Pt (*) c6 hai nghiém lax, , = LTI\@ . Tur do ta co cac nghiém ctia pt (3) la:x =1;%,, = LTI\@

(Céc nghiém cua pt (3) dugc goi la can bac ba cia 1).

Bai 3: Lap phuong trinh bac hai c6 cac nghiém 1a: o =4+ 3i; f = -2 +5i

HD:
Theo bairataco: a + f =2+8i;a.f =-23+14i.

két qua pt bac hai can lap 1a: x* —(2+8i)x+14i—23=0

Bai 4: Tim m dé phuong trinh: x? + mx+3i = 0 ¢d tong binh phuong 2 nghiém bang 8.

Giai:

Theo bairataco: x? +x2 =8 (¥ +%) —2x%, =8(1).
=-m

Theo Vi—et ta c6 {Xl T

Thay vao (1) ta dugc m* —6i =8< m® =8+ 6i = m la mot cin bac hai cua 8 + 6i.
Vay: co2giatrichtamla: 3+iva—3 —i.

Bai 5: Trén tap sb phiic , tim B dé phwong trinh bac hai z* + Bz +i =0 ¢4 tong binh phwong hai nghiém bang
—4i .

Giai:

Goi 2,2, la hai nghi¢m ctia phuong trinh ddchova B=a+bi voi a,beR .

Theo dé phwong trinh bac hai z? + Bz +i =0 cd tong binh phuong hai nghiém bang —4i .

néntaco : z; +z; =(z, +2,)° —272, =S* - 2P = (-B)* - 2i = —4i hay B’ =-2i hay
(a+hi)? =—2i < a’ —b? +2abi=—2i Suyra: {az ~b* = 0

2ab=-2

Hé phuong trinh cé nghiém (a;b) 1a (1,-1),(-1L1)

Vay:B=1-i;B=-1+i
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Bai 6: Cho z,;2, 1a 2 nghiém pt (1+iv2)2% —(3+2i)z+1-i=0
Khoéng giai pt hdy tinh gia tri cua cac biéu thirc sau:

a.A=12+17;; b.B =27z, + 7,2%; cc=b,nk
ZZ Zl
Giai:
L, _3t2i _3+2J§+2—3J§i
1 2 . -
Theo Vi—et ta co: 1+ I\/E 3 3
,, L _1—\/§+1+\/§i
ik 1+iv2 3 3
2
a. Taco A:(zl+zz)2—22122: 3JFZ\/§+2_3\/§i -2 1_\/§+1+\/§i :_1l+30\/§_6+4‘/§i
3 3 3 3 9 9
3+242 2-3V2 )(1-42 1+42.) -5-242 1-1042.
b.B=27,(z,+12,)= + [ + i |= + [
3 3 3 3 9 9
2 2 .
c Tacoe_LtT _ A =—6+26J§|_
1,7, 1—\/5 +1+\/§i 18

3 3

Bai 7: Giai phwong trinh nghiém phtrc trén tap s phtrc
a. z° —8(1-i)z+63-16i =0
b. (2-3i)z° +(4i-3)z+1-i=0

HD:

a. Taco A'=16(1—i)% — (63—16i) = 63 —16i = (1 8i)?
Tir d6 ta tim ra hai nghiém z; =5-12i; z, =3+4i.

b. Tacé (2-3i)+(4i-3)+1-i=0

_1+5i

z, =1z, = 13

Bai 8: (CP — 2010) Giai phuong trinh z* —(1+i)z+6+3i =0 trén tap hop céc sb phirc.

Giai:
Phuong trinh ¢6 biét thiac A =(1+i)" —4(6+3i) =24 -10i = (1-5i)°

Phuong trinh ¢6 hai nghiém la: z =1-2i va z =3i.

47 -3+71
Z—1

Bai 9: (CP — 2009) Giai phwong trinh sau trén tap hop céac sb phic: z-2i

Giai:

Diéu kién: z = -1
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Phuong trinh dé cho twong dwong véi z* —(4+3i)z+1+7i=0

2

Phuong trinh ¢ biét thurc A=(4+3i)2 —4(1+7i)=3-4i =(2-i)

4+31-2+i 4+3i+2-1

Phuong trinh ¢d hai nghiém 1a: z = — =1+2ivaz= 3+

Bai 10: Giai phuong trinh nghiém phuc : z + 2 8 —6i
Z

Giai:

Giasir z=a+hi véi;a,b € R va a,b khong ddng thdi bang 0.

Khido z=a-bi; t=—+ - 270
z a+bi a“+b

25(a —bi) _
a? +b?

Khi d6 phurong trinh Z + 2> = 8— 6i <> a b + 8- 6i
Z

a(a® +b®>+25)=8(a*+b*) (1)
b(a? + b’ +25) = 6(a” +b?) (2)°
L4y (1) chia (2) theo vé taco b = ga thé vao (1) ta duoc a = 0 hodc a =4

Voia=0=Db=0 (Loai)
Véia=4=b=3.Taco s phirc z=4 + 3i.

Bai 11: Tim céc sb thuc b, ¢ dé phuong trinh 7> + bz + ¢ = 0 nhan sb phttc z =1 + i lam mot nghiém.

Giai:
Viz =1 +ila mot nghiém cua phuong trinh: zZ2 +bx+ ¢ =0 (b, c € R), néntaco :
b+c=0 {b =-2

-\2 - .
(1+i) +b(1+|)+c_0©b+c+(2+b)|—0<:>{Z+b:0<:> e o

Bai 12: Giai c4c pt sau: 22 +2 =0

Giai:
Giasr z=x+yi, Xx,yeR
X2 —y*+x=0

Taco zz+E:0<:>x2—y2+2xyi+x—yi:0<:>(x2—y2+x)+(2xy—y)i:0+0i<:>
2xy—-y=0
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_{x=0
([x=0 y=0
X=-1 {X:_l
_ [ (2 _ L= _
{xz—y2+x:0 {X +0X_0 y=0 y=0
2,2 :0 — y: _ 1
Xoyrex=0 | )(;JFX y=0 3 y_\/§ x=>
= S E Sl w2y (v = = <
vx-1=0 7’ oy ex=0 |y =2 2 NG
X=—= 1 3 y 2
i 72 . 1
X==
x:% 2
L y__ﬁ
L 2
Vay: C6 bon s6 phiic can tim 1a: z, =0, z, = -1, 23=1+£i, 23=1—£i
2 2 2 2
Bai 13: Tim m dé pt z° + mz +3i =0 c6 hai nghiém z,,z, théaz? +z? =8.
Giai:
Tact: 22 +22 =8 (z,+2,)" —22,2, =8
. b cC .
Vi 21+22:—g:—m, 21.22:5:3l

Suyra:z2+22 =8 (z,+2,) -22,.2, =8 (-m)" —2.3i=8 = m? =8+6i = (3+i)" & m=+(3+i).

Bai 14: Cho s6 phitc z thod man z* —2z+3=0. Goi f (z) 12 s6 phirc xéc dinh bai

f(z)=7"-7"+62"+32*-5z+9. Tinh md dun cua f (2)

Giai:

Ta dit z°-2z+3=0 (1)

p A £ . . 1a lel_i\/a
(1) c6 A=-2<0 nén (1) cé 2 nghiém phuc la
z, =1+iV2

f(2)=7"-2"+62" +32*-52+9=27"(2"-22+3)+27"(2* - 22+3) +3(z* -2z +3) + 2z

nbuz=z= f(z)=2=f(z)Hzl=V3

=z |=12,]=+3

néuz=z2,= f(z,)=2,=| f(z,)Hz|=3

Vay | £(2)]=+3
Dang 3: Phwong trinh quy vé phwong trinh bac hai va phwong trinh bac cao

Phuong phap 1: Phuwong phap phan tich thanh nhan ti:
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Bai 1: Cho phuong trinh sau:

2°+(2-2i)z* +(5-4i)z-10i =0 (1)

a. Chirng minh rang (1) nhan mot nghiém thun do.
b. Giai phuong trinh (1).

Giai:
a.batz=yivoiy e R
Phuong trinh (1) ¢6 dang: (iy)’ +(2i —2)(yi)* +(5-4i)(yi)-10i =0
& —iy® = 2y® + 2iy? +5iy + 4y —10i = 0 = 0 + Oi
d6ng nhat hoa hai vé ta dugc:
—2y*+4y=0
—y*+2y*+5y-10=0
Vay phuong trinh (1) ¢6 nghiém thuan ao z = 2i.
b. Vi phuong trinh (1) nhan nghi¢m 2i
= Vé trai cia (1) c6 thé phan tich dudi dang:
2°+(2-2i)2% +(5-4i)z-10i=(z-2i)(2° +az +b) (a, beR)
d6ng nhat hoa hai vé ta giai dugca=2va b =5.

giai hé nay ta duoc nghiém duy nhat y =2

z=2i

z=2i
= (1) e (z-2i)(2* =22+5)=0< ©&12=-1-2i
2°+22+5=0 .
z=-1+2i
Vay phuong trinh (1) c6 3 nghiém.
Bai 2: Giai cac phuong trinh:
1.2°-27=0
2.7°=18 +26i, trong d0 z=x+yi;xy e Z
Giai:
z=1
1 2°-27=0(2-1)(2° +32+9)=0< 2=t = 3+343i
2°+32+9=0 22‘3:_—7'

Vay phuong trinh da cho cd 3 nghiém.

2. Taco: (x+yi) =x° —3xy’ +(3x°y - y*)i =18+ 26i
. ~ 4 , N X3 —3xy2 =18
Theo dinh nghia hai s6 phurc bang nhau, ta dugc:
3x*y—y* =26
Tir hé trén, ré rang x =0 va y = 0.
Pty =tx,hé =18(3x"y - y*) = 26(x’ - 3xy’ )
=18(3t—t*) = 26(1-3t*) < 18t° — 78t* — 54t + 26 = 0 < (3t 1) (3t* —12t —13) = 0.

Vix,yeZ :>teQ:>t:%:>x:3vay:1:>z:3+i.
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Bai 3:

1. Tim c4c s thuc a, b dé c6 phan tich: z° +3z% +3z — 63 = (z - 3)(z% +az + b)

2. Giai phuong trinh: z° +3z° +3z2 - 63 =0

3. Cho phuong trinh: z° —52% +162-30=0(1), goi z,, z,, Z, lan lugt 12 3 nghiém ctia phuong trinh

(1) trén tap sb phuc. Tinh gia trj biéu thirc: A = 22 + 22 + 22.

Giai:
1.Giéthiét@23+3zz+3z—63=23+(a—3)22+(b—3a)z—3b
a-3=3
a==6
= b—3a=3©{
b=21
3b =63
z2=3
2. Ap dung phén 1. taco: z° +32° +32-63=0< (2-3)(2° +62+21) =0 | z=-3+2/3i
7=-3-23i

Vay phuong trinh da cho cd 3 nghiém.

3. 2°-52°+162-30=0

co 3nghi¢m la: z, =3;z, =1+3i;z, =1+3i
=A='+ +2=-T7

Bai 4: Giai phuong trinh: z* —4z° +7z* ~162+12=0 (1)

Giai:
Do tong tét ca cac hé sb cua phuong trinh (1) bang 0 nén (1) c6 nghiém z = 1.
(1) = (z-1)(2° -32° +42-12) =0 = (z-1) (z-3)(z* +4)=0

z=1

z=1
z2=3
< |z2=3 = .
2 40 z2=2i
Z7°+4= .
7=-2i

Vay phuong trinh da cho c6 4 nghiém.

Bai 5: Giai phuong trinh: z* —4z° +7z° =162 +12=0

Giai:
Phan tich da thirc vé trai thanh nhan tir ta co:

z=1
7' —47° +77° -162+12=0< (z-1)(z-3)(z2* +4) =0 |2=3
Z==2i

Bai 6: Giai phuong trinh 2z° —5z% + 3z +3+(2z +1)i =0, biét ring phuong trinh c6 nghiém thyc

Giai:

N : 27° - 57° N .
Phuong trinh cé nghiém thyc {22 1520+ 3243 =25 —% tuc 1a phuong trinh c6 mot nghiém z = —%
z+1=




Phuong trinh (22 +1)(z° =3z +3+i) =0 giai phuong trinh nay ta duoc
g

z=—l;z:2—hz=1+i
2

Bai 7: Giai phuong trinh 2% +(1-2i)z? +(1—i)z — 2i = 0, biét rdng phuong trinh c6 Mot nghiém thuin ao
p g

Giai:
Gia st phuong trinh ¢6 mot nghiém thuan 4o z = bi, thay vao phuong trinh ta duoc
(i)’ +(1-2i)(bi)* +(1—i)(bi)—2i =0 < (b—b*)+(-b® +2b° +b-2)i =0

b-b®=0 .
= ob=lez=i
—b*+2b*+b-2=0

Vay phuong trinh twong duong véi (z - i)[z2 +(1-i)z+ 2} = 0... giai phuong trinh nay s& duoc nghiém

Phwong phép 2: Phuong phap dit an phu

‘- .. s 2 2 2
Bai 1: Giai phuong trinh: (z + z) +4(z + z)—12 =0
Giai:
Ditt = z* + z, khi d6 phuong trinh d& cho c6 dang:

Z_—1+\/2_3i
2
t=—6 |2°+2-6=0 _1-/23i
StP4+4t-12=0 o & zzl—\/z—:’,'
t=2 22+7-2=0 2
z=1
|2=-2

Vay phuong trinh da cho cd 4 nghiém.

Bai 2: Giai phuong trinh: (z2 +3z2+ 6)2 + 22(22 +3z2+ 6) -32°=0
Giai:
Dit t = z° + 3z + 6 phuong trinh d cho c6 dang:

t:
t? + 27t — 37° =0(:>(t—z)(t+3z)=0<:>L_23Z

z =—1+/5i
z =—1—+/5i
z=-3+3
z=-3-3

-V(’yit:z<:>22+32+6—z:0©22+22+6=0<:>|:

-V('yit=—32@Zz+3Z+6+32=0©Zz+62+6=0c>|:

Vay phuong trinh da cho cd 4 nghiém.
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Bai 3: Cho phuong trinh: z* —22° - 2° -2z+1=0 (1)

a. Bing cach dit y =z + . hdy dua phuong trinh vé dang: y® — 2y —3=0.
Z

b. Tur d6 giai (1)

Giai:
Do z =0 khdng la nghiém cta (1) = chia hai vé ciia phuong trinh cho zta dugc:
22—22—1—21+i2=0

z 2

y=-1

bat y:2+1:>phuongtrinhcé dang: y2—2y—3=0©{
z

143
2

-Voiy=-1= z+1=—1c>z
z

+
-Vc’yiy=3:>z+i:3c>z=¥

Vay phuong trinh da cho cd 4 nghiém

2

Bai 4: Giai phuong trinh; z* - 2° +%+ 7+41=0 (1)

Giai:
Do z =0 khéng phai 1a nghiém cua phuwong trinh (1) nén:
(1) o 7° —z+l+£+i2:0

2 1 12

SHREHE
<lz—-——| —|z—-—|+==0
z z) 2

Dit y=z+1 = ptco dang: & y* -y +g=0<:>2y2—2y+5=0©
z

1+3i 1 1+3i
=>71--=
z
Taco: A=(1+3i) +16=8+6i = (3+i)

-Véi y = <228 -(1+3i)z2-2=0 (2)

= phuong trinh (2) c6 2 nghiém: z, =1+i va z, =— ; +%i

L8, L8 o (1-3))z-2-0 (3)

-Voly=—=12
2 z
Taco: A=(1-3i) +16=8-6i = (3-i)’

= phuong trinh (3) c6 2 nghiém: z, =1-i va z, =— ; —%i

Vay phuong trinh d&@ cho c6 4 nghiém.
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Bai 5: Giai phuong trinh: z* -62° +25=0 (1)

Giai:

DPit z° =t. Khido (1) ¢6 dang: t* =6t +25=0 (2)

Taco: A’=-16=16.i* <0 nén pt (2) c6 hai nghiém 1a t = 3+ 4i.

Mit khac 3+ 4i c6 hai can bac haila: 2+i va —2—icon

3—4ic6 haicanbichaila: 2—i va -2+i

Vay: pt(1)co4nghiémla: z, =2+1i; 2, =-2-i; 2, =2—-1; 2, = -2 +1.

-\ 3
Bai 6: Giai phwong trinh (an z) trén tap sb phirc: [EJ =1.
1—2Z

Giai:
bieu kién: z #i

pat w=2"" taco phuong trinh: w° =1 < (W-1)(W* +w+1) =0
i—z

w=1
w=1 ~1+iy3
sSlw=—7T%
w2 +w+1=0 2
W:—1—|\/§
2

=

Weiw=1=2C1 e 720
|1—2Z

—1+i\/§ Z+i —1+i\/§
= :> =

2 i—z o @+iV3)z=—3-3iez=-3

-Voi w

-veyiw=_1_2'*/§:> _”Z' =_1_2'*/§@(1—iJ§)z=J§—3i©z=J§
I_

Vay pt ¢6 ba nghiém Z=0;Z=\/§Vé Z:—\/§.

\ - - ~ 2 2 2 2
Bai 7: G|a1phu:ongtr|nh:(z +32+6) +22(z +3z+6)—3z =0 (%

Giai:

u
Pit: 22 +3z+6=u= (*) U’ +2zu-37° =0<:>(u—z)(u+32)=0<:{
_21:—1—i\/§

2 +32+6=12 22 +27+6=0 ||z, =-1+iV5
=3 = ==
7’ +62+6=0 z, =—-3-/3

| Z, =3+

22 +32+6=-32

u=-3z

Bai 8: Giai phuong trinh: (z* —z)(z+3)(z+2) =10 (zeC)
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Giai:
PTe 2(2+2)(z2-1)(2+3) =10 < (2% +22)(2* +22-3) =0
Ditt = z° + 2z . Khi d6 phwong trinh trg thanh t* -3t -10=0

<~ =
t=5 z=-1+6

Vay phuong trinh c6 cac nghiém: z=-1++/6;z=-1+i

Bai 9: Giai phuong trinh tap sb phirc: z* +22° -7 +22+1=0

Giai :

Phuong trinh z* +27° =2 +22+1=0&7° (z2+i +2(z+1)—1 =0@(zz+i)+2(z+1)—1=o
8 z° z z° z

(z = 0 khdéng la nghiém cta phurong trinh)
w=1

bat w=z+ . ; phwong trinh trén tré thanh: w? + 2w - 3=0< { 3
Z W= —

e
z+1—:1c>22—z+1:oc>z:1—2\/§'
Z
=~
-3+
2+t 3 2243241-00 2= 35\/5
Z
’ + 1 _ +
Vay phuong trinh ¢d bon nghiém: z:l—z\/g'; 7= 32\/5

Bai 10: Tim cac s thuc a, b, ¢ dé co: z° —2(1+i)z* +4(1+i)z—8i = (z—ai)(z® + bz +¢).
Tim médun cta cac nghiém do.

HD: )

Cén bang h¢ so tadugca=2,b=-2,c=4

Tir do giai phuong trinh: z® —2(1+1i)z% + 4(1+i)z —8i = Otrén tap s6 phtrc.

Phuong trinh < (2 -2i)(22 -22+4) =0 z=2i; 2=1+3i; z=1-3i < |z| =2 .

Dang 3: Giai hé phwong trinh:

22 +22=5+2 (1

Bai 1: Giai h¢ phuong trinh: )
2, +2,=4-1i (2)

Giai:
Tu (2)tacod z} +z7 +22,2, =15-8i.
Két hop véi (1) ta co 2,2, =5-5i
. o . 2, +2,=4-1i
Vay ta c6 hé phuong trinh: i
2,2, =5-5I
Do d6 z, z, la nghiém cua phuong trinhz* —(4—i)z+5-5i=0.Tacoé A =-5+12i
Nén A c6 hai cidn bic hai la: 2 + 3iva —2 — 3i.
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[21:4—|+2+3| _3

+1 :
. ) 2 |z =1-2i
Vay ta co _ . hodc o
1 4—-1-2-3i . {22:3+|
ZZ :—:1_2|
2
-wW =i
Bai 2: Giai h¢ phuong trinh: {
iz-w-=1
Giai: )
Coi inhu 1 tham so ta co:
D
z=—=-1

1 -1 ) i -1 ) D, . 1 i
D=|. =-1+1; D, = =1+l = va D, =|. =2
i - 1 - D . i
w=—n=-1-1
D

. . R Z-W-2Zw =38
Bai 3: Gidi h¢ phuong trinh: | ,
" +w =-1

Z—W u-v=2=8 u-8=v
= 2 < 2
=7ZW u-+2v=-1 u +2u-15=0

u=-5 i3 75+ 3i
s X2 45X +13= 0> (2;W) = +5+3'\@,+5+3"@
v=-13 2
S \/_ \/_
u=3
{ _3X —5=0< (W) = (i 3% j
v=—5
=3
A +y
Bai 4: Giai h¢ phuong trinh (x,y €R)
X+ 3y
Y= 2 0
X2 +y
Giai:
Tl‘rhésuyra:X+yi+(3x_y2_(xz+3y)l=3:>X+yi+3(;(_y;)—l(i(_ylz)=3
X“+y X“+y X“+y
bat z=x+Yyi ta dugc PT 4n zeC: z+(3|_|;)Z:3<:>z+(3_')=3
Z Z

Giai PT bac hai timdugc z=2+i va z=1-1.
Tur d6 timra 2 nghiém cua hé 1a (x,y) =(2,1);( -1).
| Bai 5: Giai hé phuong trinh 2 an z va w:
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z+w =3(1+1) @
{23 +w?=9(-1+i) (2

Giai:

Tur (2) ta co: (z+w)3 —3zw(z+w)=9(-1+i) (3)

Thay (1) vao (3) ta dugc: 27(1+i)° —9zw(1+i) = 9(-1+i)

—5+51
1+i

:>3(1+3i+3i2+i‘°’)—zw(1+i)=—1+i:>zw: 5i

) o R z+w =3(1+1)
Vay ta c6 hé phuong trinh: i
ZW =0l
Theo dinh Iy Viet = z, w la c&c nghiém ctia phwong trinh: t* —3(1+i)+5i =0 (4)
Taco: A=-2i=(1-i)
t=2+i
t=1+2i

Vay h¢ da cho c6 hai nghiém (z;w) 1a (2+1;1+ 2i) va (1+2i;2+i)

= Phuong trinh (4) ¢6 hai nghiém {

Bai 6: Giai hé¢ phuong trinh 2 an z va w:
Z,+2,+72;=1 @
2,2, +12,2,+ 2,2, =1 (2)
2,2,2, =1 3

Giai:
Taco z,, z,, z, la cac nghiém cua phuong trinh: (z2-2,)(z2-2,)(z-2,)=0
- (3,+2,+2,) 2" +(2,2, + 2,2, + 2,2, ) 2 - 2,2,2, = 0

oP-7"+7-1=0=z=1vaz=+i ’
Vay hé phuong trinh d& cho c6 6 nghiém (1a hodn vi cia bd ba so 1, i va —i)

_ _ ) a’+a-———=5
Bai 7: Giai hé phuong trinh sau trong tap so phirc: a +a
a’h® +ab’ +b(a’ +a)-6=0
Giai:
Piéu kién: a’+a =0
a’+a=-1
Tu(l) & (@°+a)*-5@°+a)-6=0| |
a“+a=6
a4 —1-/3i
Khia’+a=-loo 2 thay vao (2)
4 —1++/3i

2
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_—1-4/23i

b
B’ —b-6=0=Db>+b+6=0 2
b_—l+x/2_3.i
2
Khi a2+a:6c{a:_3
a=2
Thay vao (2)
b_—1+\/§
— 6b2+6b-6=0<bh’+b-1=0 2
-1-5
b=
2

Vay hé pt c6 nghiém (a, b) 1a:

(—1—\/2_3i ,—1—\/§ij {—1—x/2_3i,—1+\/§i) (—1+\/2_3i ,—1—\/§ij (_1+\/2_3i ,—1—\/§i)

2 2 2 2 2 2 2 2

e

2 2 2 2

Bai tap tw giai:

Bai 1: Giai phwong trinh bac 2 sau trong tap hop céc sd phic
2?2 -2(2-i)z+6-8i=0.
Bai 2: Tim céc sb thuc b, ¢ dé phuong trinh z° + bz +¢ =0 nhan $6 phttc z =1+1i lam mot nghiém.
Ds:
Vi z=1+i la mot nghiém ctia phwong trinh: z* +bz + ¢ = 0 nén

b+c=0 b=-2

=

2+b=0 c=2
Bai 3: Cho cac sb phic w, =1+ 2i, W, = 3—4i. Xac dinh cac s6 phiic z khac 0, dong thdi thoa mén cac dicu

(1+i)2+b(1+i)+c:0©b+c+(2+b)i=0<:>{

W. A N A . n N os A , PO
—21 =1, tir d6 lap phuong trinh bac hai ¢6 nghiém Ia cac s6 so phirc da tim duoc?

kién w,.z 14 s6 thuc va
z

Bai 4: Cho s6 phic z 12 mot nghiém ciia phuong trinh: z2+2+1=0.

2 2 2 2
R0t gon biéu thire P:(z+lj +(zz+i2J +(23+i3} +(z4+i4J
z z z z

Bai 5: Giai phuong trinh trén tap s6 phite: x* —(5-i)x+8-i=0

Bai 6: Giai phwong trinh trén tap s6 phic: 22 + 27 +1-6i =0

Bai 7: (PH - A 2009) Goi z,,z, la hai nghiém cua phuong trinh 22+ 2z + 10 = 0. Tinh gi4 tri biéu thuc
2 2

A=|z|" +|z,|

HD:

48



A=-36=36i" =z, , =-1%3i|z|= |z,|]=+10 = A=20

Ps: A=20
Bai 8: Cho z1, z, la cac nghiém phuc cua phuong trinh 272 — 4z +11=0. Tinh gia trj cta bidu thic
N
(z,+2,)
HD:
Gidi pt da cho ta duoc cac nghiém: z, =1— 3\2/5 1,z,=1 3\2/5 i
2
22
Suyra|z|=|z,|=,1+ ﬂ :£; 2,+2,=2
2 2
2 2

4|” +|z

(z1+12) 4
Bai 9: Giai phuong trinh:
a. 22+|z|=0 b. (22+32+6)2+22(22+32+6)—322:0
Ds:
a.ze{0;i;—i} b. z=-3++/3; z=-1++/5i

Bai 10: Giai phuong trinh: 22 +7=0.
Ps: z=0,z=-1, z= 1i£i
2 2

Bai 11: Tim da thirc bac hai hé s6 thuc nhan o lam nghiém biét:
a a =2-5i b.a=-2-iy3 c.a= \3-iV2
Bai 12: Giai phuong trinh z° —(cos¢ +ising)z + ising.cosp =0, ¢ € R trén tap s6 phirc
DPs: z, =cose; z, =ising
Bai 13: Goi z; va 2, la 2 nghiém phtrc ctia phuong trinh: z° +2z +4 = 0. Tinh gia tri ctia

2 2 3
A=l 4|l —3)n + 2|
Bai 14: Ching minh rang néu phuong trinh az? +bz+¢ =0 (a, b, ¢ € R) ¢6 nghiém phirc o ¢ R thi o ciing 1a
nghiém ctia phuong trinh do. ’
Bai 15: Giai phuong trinh sau trén tap so phuec:

-\2 .
a.(z +2i) +2(z+2i)-3=0 b. (4”'j LI
Z—1

Bai 16: Chimg minh rang; ’
a. Néu x +1iy la can bac hai cta hai s6 phirc a+bi thi X —yi 1a cdn béc hai ctia s6 phitc a — bi

y

b. Néu X +iy 14 cin bac hai ciia s6 phtc a +bi thi :(( + 7 i 1a can bac hia cta s phic %+ k%i (k= 0)

Bai 17: Tim tham s6 m dé mdi phuong trinh sau ddy c6 hai nghiém z,,z, thoa mén diéu kién d4 chi ra:
a.z? —mz+m+1=0 didu kién: 27 + 22 =7z, +1
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b. 22 —3mz +5i =0 diéu kién: 27 + 2z} =18
Bai 18: Giai cac phuong trinh sau trong C.

a. x> —3x+1=0 b.3v2.x2 = 24/3x++/2=0 c. ¥-—(B-i)x+4-3i=0
d. 3x*—x+2=0 e. 3x°\2-2xa/3+/2=0 f 3ix-2x-4+i=0
Ds:
a. ﬁiii b. ﬁ(lil) C.2+1;1-2i

2 2 6
dllilg/2—3 e%i% f——r \2410+2-1 0+2 1

Bai 19: Cho phuong trinh z° +(2—-i)z +3+5i = 0. Khong giai phuong trlnh hay tinh
2P+ 222t + 7
Bai 20: Giai phuong trinh: z* — (Cos¢ +isin @)z +icospsing = 0
HD:

= (cos @ +ising)® —4icospsin @ = cos 2¢ +isin 2¢ — 2isin 2¢
= €0S 2¢ — i5in 29 = cos(—2¢) + isin (—2¢) = (cos(—p) +isin (—(0))2

1 .. . . . .
= E[(COS(D +ising) —(COS(-(p)+IS|n(-(0))J =ising

= %[(cosw +isinp) +(cos(-p)+isin(-p)) | = cosp

Bai 21: Giai cac phuong trinh sau trén tap s phtrc

1.2°=2 2. |z +2=3+4i 3. (L+i)z° +2+11i =0

Phuong trinh bic cao:

Bai 1: Tim céc s thuc a, b, c & c6 2° —2(1+i)z* +4(1+i)z—8i =(z —ai)(z2 +bz +c)
Tur d6 giai phuong trinh z° —2(1+i)z* +4(1+i)z—8i =0 trén tap s6 phirc. Tim modun ciia cc nghiém dé
Papsé: a=2,b=-2,c=4 va|z|=

Bai 2: Cho phuong trinh: (z + i)(z2— 2mz + m?—2m) = 0. Hay xé4c dinh diéu kién cua tham sé m sao cho
phuong trinh:

a. Chi c6 dung 1 nghiém phurec.

b. Chi c6 ding 1 nghiém thyec.

c. Co ba nghiém phurc.

Bai 3: Giai phuong trinh sau biét chiing c6 mot nghiém thuan ao:

a.z2° —iz* -2iz-2=0. b. 2° +(i-3)z* +(4-4i)z -7 +4i=0.

Bai 4: Giai phuong trinh z° —2(1+1i)z° +4(1+i)z—8i =0, biét ring phuong trinh c6 Mot nghiém thuan ao

Pap sb: Phuong trinh ¢ ba nghiém 13 z = 2i;z =1+i/3
Bai 5: Tim 3 s thuc a, b, ¢ thoa man:
—2(1+0) 22 +4(1+i)z —8i =(z-ai)(z* +bz+ c)
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Tur do giai phuong trinh: z° —=2(1+1i)z*+ 4(1+ i)z-8i =0
Bai 6: Giai phwong trinh sau trong tap s phirc: z* —z° +62° -8z -16 =0

z=-1
’ 2=2
Pap so: < (z+1)(z-2)(z°+8) =0 7 = 2/2i
_z:—2\/§i

Bai 7: Giai phuong trinh: z° +2* +2° +2° + 2 +1=0.
HD: bat thira s6 chung

1 /3. 1 /3.

Pipsd: z=-1z7=_+-—iz=—_+-—i
2 2 2 2

Bai 8: Giai cac phuong trinh sau trén C :
7° . . 1
a. 24—23+7+Z+1=0 bang cach dat an so phu w=z-—;

z
b. (22 +32+6)2 +22(z2 +32+6)—322 =0
C. (z2 +1)2 +(z+3)° =0
Bai 9: Giai cac phuong trinh sau trén C :
a (z-i)\22+1f2+i)=0 b (2+2f +4(z2+2) -12=0.
Bai 10: Giai phuong trinh z° +(1+i)z* +(3+i)z+3i=0

Bai 11: Goi z,;2,;7,;2, la 4 nghiém cta phuong trinh z* —27° +62* -82+8=0 trén C

T|'nht6ngS=i4+i4+i4+i4
AR S A 3

Bai 12: Cho da thic P(z)=2z®+(3-6i)z° +(10—18i)z + 30i
a. Tinh P(-3i)

b. Giai phuong trinh P(z)
Ds:

a. P(-3i)=0 b. z=-3i, z=3%i
Bai 13: Giai cac phuong trinh

0

2
a. z= (2 —Z—fj biét z =3+4i 1a mot nghiém ciia phuong trinh
Z —_

b. 2°+2°-132*-1423 -132° +z+1=0

o[(51) (5] (5

Ps:

—+
a.2=9 z2=314i b z=1 _2\/§I;z=—21\/§,z:2+\/§
c.z=-10:1
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H¢ phwong trinh

Bai 1: Giai hé phwong trinh hai 4n phtrc z,,z, sau :
2,+2,=4+i

{zf +25=5-2i

Bai 2: Giai hé phwong trinh hai 4n phtic z,,z, sau :
2,2, =—5-5i

{zf +25 =-5+2i

Bai 3: Giai cac hé phuong trinh sau trén tap sb phuc:

2y =1-2i 1+1 L 1i X+Yy=5-i
X+2y=1-2i =_—-= =5-
a.{ y3_ b.<x y 2 2 C'{zyzgg-
X+y=3-i =8-—
y x> +y? =1-2i x+y !
d X+y=4 5 X+y=5-i ¢ X+y=1
Cxy=7+4i X +y?t=1+2i Iyt =—2-3i
X +y° =-6 X+y=3+2i
g41 1 2 h.<1 1 17 1.
+ == + =T =i
X y 5 X y 26 26
Bai 4: Giai cac hé phuong trinh sau
z-12| 5 z-1
| = i Y | |2,]+|z,|+ |25 =1
z-8i| 3 Z—1
a. ) C.yz,+2,+2,=1
Ll | 2731y 2,2,.2,=1
z-8| Z+i rres e
’ 2,.7, =-5-"5i 2,+2,=4+i 22+25=0
: e. : _
2. +2) =-5+2i 20 +2=5-2i 22.(2,) =1

Bai 5: Giai cac h¢ phuong trinh:

2,+2,=4+I
a4, ) b.
Z; +2, =5-2i

{u2+v2+4uv:0 {
C. ) d.
u+v=2i

Ds:
a. (3-1i; 1+2i) va(@+2i; 3-i)

2,.2, =-5-5i
2} +25 =-5+2i
|z-2i| =]

o=l

b. (2-1;-1-3.i),(-1-3i;2-1),(-2+§;1+3i),(1+3i; -2 +i)
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\/37[1+ J: 2
. . . Xty
Bai 6: Giai h¢ phuong trinh: (x,yeR).
J?y(l— L j=4ﬁ
X+Yy
Bai 7: Giai h¢ phuong trinh sau:
2,2 _1L
172 2
2, +22, -3
bs: J§—|;J§+| A J§+|;J§—|
4 2 4 2
Bai 8: Giai cac h¢ phuong trinh:
X+1y—-2z=10
yoe 21227 +22+41=0
a. _x— y_+ 2iz = ?0 b. Jom0 | oo g g
iX+3y—(1+i)z=30
2z -i =[z -2+ 2 2, +2, =3~
Cy, — d<1 1 3+i
2'-z =4 z, z, 5
Cin bic hai ciia s6 phirc
Bai 1: Tim cin bac hai cua sb phirc:
: 1 2. : :
a. z =17+ 20+/2i. b. 4+7| c. —40+42i d. 11+ 4/3i
Bai 2: Tim cin bac hai cia mdi sb phirc sau:
a. -1+ 443 b. 4 +6+/5. c. -1-24/6ii d. -5+12.
Ds:
a. (/3 +2.) b. +(3++/50) ¢ £(/2-+3.) d. + (2 +3i)
Bai 3: Tim cac cin bac hai cia mdi s6 phirc sau:
a. —1+4+/3i b. 4+6+/5i c. —1-2+/6i

C. DANG LUQNG GIAC CUA SO PHUC

Dang 1: Viét s6 phirc dudi dang lwong gidc

Bai 1: Viét cac sd phirc sau dudi dang luong

a. (1—iv3)(1+i) 1-iV3

1+i

b.

C.Z=sSinp+iCcoS@

d. z=tan5—7[+i
8

giac
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Giai:

al-iV3= 2[003(—”) +isin(— ﬂ)} 1+ = \/E[cos ™ tisin ”} .
3 3 4 4

Do do (L—iv3)(L+i) = Zﬁ[cos(—lﬂz) +isin(—%)}.

b. Tir phan trén ta cd ngay két qua

1-iV3 -2 cos( 7”)+isin(—7—”j .

1+i 12 12

c. Tacoz =Sin(0+iCOSg0=COS(72[ —go)+isin(” -).

5r -1 S5 S5n 1 1 V83
d. z—tan?ﬂ— 3 sm?—lcos? = 3 COS?+ISIH?
co 3—7r cos—”

Bai 2: Tuy theo goc @, hdy viét sé phirc sau dudi dang lwgng gidc (1—cose —isin@)(L+ cose +isin ).

Giai:
Xét s6 phuc z = (L—cosg —ising)(L+cose +ising), ta co

2 @ @ 2 @ @ (0)

z=(2sin" " —i.2sin cos(p)(ZCos +1.2sin ” cos
2 2 2 2 2 2

4

=4sinL cos i
2

P (e P icin®
—(sin—
2( 2 )

=1 cosf)(cos— +isin—
2 2 2

= 2sing(sin © cos ? +sin ? cos ? —i(cos? ? —sin? ?y)
2 2 2 2 2 2

=2sing[sing —icosp|hay z=2sing@(sing— icosy) (*)

- Néusin ¢ >0, tir (*) ¢6 z = ZSin(p[COS((p— 72[) +i.sin(p - ’2’)}
-Néusin ¢ <0, tir (*)tacd z=-2sin(-sing +icose)

= —2sin (p[COS(go + 72[) +i.sin(ep + ’2’)}

- Néu sin @ = 0 = z = 0, nén khong c6 dang luong giac xac dinh.

Bai 3: Viét cac s sau dudi dang luong giac:
1. cosa —isina, a € [0;2n). 2.sina + i(1 + cosa), a € [0;2n).
3. cosa + sina + i(sina — cosa), a € [0;2n)

Giai:
Ta co:
1. cosa—isina =cos(2r —a)+isin(2zr —a) khia € [0;2r)

2

2.7, =sina+i(l+cosa)= Zsin;cos; + 2icos —Zcosa(sin +1icos ;)

)+|sm(

)

Nar\)m

a
2

£ a T
-Neuae[o;n):>cos2 >0= zz—Zcos (cos(2

NQJ
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“Néuae(n:2n)=coss <0= 22:-2005a(cos(3—”- a)+isin(3—”-a)
2 2 2 2 2 2

- Néua = z, = 0(cos0 + isin0)

3.z, =cosa+sina+i(sina—cosa) = x/E(COS(a—Z)Jf i sin (a—Zj

Bai 4: : Viét cac sb phirc sau dudi dang luong giac:

a. (1-i+/3)(1 +1) 1-iV3 ¢ —t

1+i S 2+ 2i
Giai:

1.Taco: 1-i+/3 =2 cos(—ﬂ}risin(—”J
3 3
1+i) = V2| cos” +isin”}
(1+1) [ A 4
Ap dung cong tthirc nhan, chia s6 phuc ta dugc:

12
Twong tw

o S e Jren( )]
o gyt 0= 7wl ron( [ el

N = =X 4 - 2 . .
Bai 5: Viét so phiic z = (\/§ — I) dudi dang lugng giac.

Giai:
Céch 1: Khai trién hang ding thirc réi chuyén sang dang lwong gidc.

z=(\/§—i)2 =3-23i +i? =2—2\/_i=4(i—2@ijz4[1—£ij

4 2 2

(e -tan =[x 5 n( 5

Céch 2: Viét dang lwong gidc trude roi dp dung cong thive Moa — vro.

Fios [ig.]_z(cosfsisin’gj=2[ci3(7éj”s‘”(7éﬂ
soys (15-1f <[ [es{ - st )] <[ 1505 )

Dang 2: Cdc bai tdp tinh toan tong hop vé dang lwong gidc

Bai 1: Cho s6 phirc z c6 modul bang 1 va ¢ la 1 acgument ciia n6. Hay tim 1 acgument cia céac s phtrc sau:
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a - = b. 22—z sinL #0) c. 2 +12 (cos3—¢ #0)
22 2 2
Giai: o
SO phure z ¢6 thé viet dudi dang: z =cos@ +ising
1 1 1 - 1 ..
A ——=-— =-=[cosp+isinp|==|—cos(¢)—isin =
2z 2(cosp—ising) 2[ 4 d 2[ (¢) ((p)]

%[cos(go +)+isin(p+m)]= acgument = g+ 7

b. 22 —z=(cosg+isin go)2 —(cosp+ising) = —25in37(psin (g + 2c053?(psin (gi

“Néusin?>0=22—7=2sin? —sin3—¢+icoss—¢
2 2 2 2

= 2sin ? sin(ﬂ+3—§0j+icos . 3 :>Acgument:7[+3_¢
2 2 2 2 2 2 2

Néusin® <0= 22— 7= -2sin ®[ sin 2 _icos 2
2 2 2 2
- 2sin? sin(s—go—”jﬂcos(?’—(o—” :>Acgument=3—¢—”
2 2 2 2 2 2 2
c. 22+12= (cosg +isin (p)2 +(cosp —ising) = 20033?@0032 + 20033?(psin ?j
CNéu 052 5 0= 22 +7 = 20052 cos ? +isin?
2 2 2 2

= Acgument = (g

- Néu C053?¢< 0=z +E=—20053?¢(cos(%+nj+isin(g+nj j

= Acgument = (g + 7

(1-i)° (VB +i)
(_1_i\/§)10

Bai 2: Tinh: z =

Giai:
5
10
(\/E) (coshﬂsin?”) .25(003”+isin”)
4 4 6 6

10
210 (0054” +isin 4”)
3 3

10

=




10 35z . . 357 5n 5 j ( 557 . . 557[)
2 Ccos +1SINn COS— +isin— COoS +1SINn
2 2 6 6 3 3

= = =c0sbr +isinbr =-1

10 40r . . 40« 40r . . 407[}
27| cos +1sin cos +1sin
3 3 3 3

Bai 3: Viét s6 phuc z dudi dang lwgng gidc biét riang: |Z —]4 = ‘Z - I\/é‘ Va iz c6 mot acgument

. T

la.
6

Giai:

iz=ricosp+rsingp=r cos(”— )+isin(”— ) :>7[— —”:> _7
- ¢ ¢ = 5 ® 9 ® 9 ¢ 5 ® 3

z =r(cose +ising)

V3 V3 liz—-1= (——1} 3r”

:r(l |—)—— — = +—=r’-r+1
2 2 4

‘z—i«/é‘z%h?(%—l) =r2—3r+3:>|iz—1|=‘z—i\/§‘©r=1:>z=cos§+isinz

z 3
Bai 4: Viét dang lugng giac ctia s6 phuc z biét rang |Z| J2 va Mot acgumen cua i la vy
+1
Giai:
. A ) N A oA . o S . T z
Goi ¢ la mot acgumen cua z thi —¢ la mot acgumen cuia Z ma 1+i ¢0 mdt acgumen la 4 nén o
+1

z A Y 7[
c6 mdt acgumen la —¢ —
Theo gia thiét ta c6 —go—Z =—3T”+k27r:>(0= 72[ +127 (1€

Vay dang lugng giac ctia z la: z = \/E(COSZ +1sin ;Zj

Dang 2: Svr dung cong thirc Moa-vro tinh todn

(L-i)° (V3 +i)°
(—1—i\/§)10

Bai 1: Tinh giatri A=

Giai:
Biéu dien lugng giac cho cac so phuc:

1—i=\/§(cos77+|sm—j \/_+| (cosZHsingj va —1—i«/§=2[cos4?ﬂ+isin4?ﬂj

Sau d6 ap dung cong thirc Moavro bién ddi A = cos5z +isin5z = —1.

‘ Bai 2: Tim phan thyc va phin 4o ctia mdi s6 phtrc sau
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1+1i)" ,
o A LD 0.8 | cosZ —isinZ |iF+~3) ¢ 2 +—= Biét 2411,
(\/§+|)9 3 3 Z2009 7
Giai :
10
ﬁ(cosﬂ+isin”j 2° 0035—”+isin5ﬂ
4 4 2 2 1 - 1
A= = = (c057z+|sm7r)=—E

E vy
{2(cosﬂ+isin”ﬂ 2° (cosgﬂﬂsin 3”) 2
6 6 2 2

Vay phan thyc = —% va phan 40 = 0

,
b. (cosﬁ—isiani5(1+\/§i)7: cos(—ﬁJHsin(—zJ i 2(cosz+isinzj

3 3 3 3 3 3
=2’ {cos(—%}+isin(—%ﬂ(cos%+ isin%}i = 2" [cos 2z +isin2x]i =2"i =128i

Vay phan thuc bang 0 va phin 4o bang 128.
. 1+/3i

c.Tfrz+£:1:>zz—z+1=0:> 2 _
7= =cos| — " |+isin| —
2 3 3

Khi z=cos”+isin” )
3 3

T, . T
= COS— +isin—
3 3

Taco
2009

1 s T 2009 1
7200 4 =(cos§+isin—j 4

Z2009 T L.
cos = +isin~
3 3
AT 2 Y .. ( =\ 20097 . . 20097
=| cos” +isin +lcos| =" |+isin| — —| cos +isin
3 3 3 3 3 3
= (cos 2029” +isin —20:9;:} = 2005(6697: +2?7[j =2 cos%r =1.

Tuong ty Z=Cos[—%j+isin(—%j:> g 1 _g

2009
JA

Bai 3: Tim phan thuc va phan 4o cia sb phirc z, biét 2> = -2+ 2/3i .

Giai:

Ta chuyén -2 + 23 sang dang luong giac roi tir dang lwong giac ta chuyén vé dang dai s6.
—2+23i=4 L +£i =4 0052—”+isin2—”
2 2 3 3

Suy ra:
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2r . . 2w
7 =J4| cos== +isin ==
( 3.2 3.2)

2r . . 2«w
7= 4| cosZ= +isin==
( 3.2 3.2)
| 1 3
=2(cosf+isin£j Z= (—Jr—lj—l“\f
3 3 2
= IS \/,
T .. 7 1 3. .
Z=-2| cOS— +1iSin— ) Il I D
( 3 3j yA 2[2+ 2|] 1 I\/§

Vay: Phan thyc va phin 4o cta z1a 1 va J3 hoac -1 va 3.

72 = 242372 = 4(cosz?ﬂ+ isin%[j N

Ung dung ciia dang lwong giac

Bai 1: Chung minh rang:
sin5t =16sin°t — 20sin®t + 5sint
cos5t =16¢0s°t — 20cos’ t + 5cost

Giai:

Duing cong thire Moivre va cdng thic khai trién nhi thie (cost + isint)’

Ta duoc:

cos5t +isin5t = cos® t + 5icos? tsint +10i° cos® tsin® t +10i° cos? t.sin®t + 5i* cost.sin*t +i° sin’ t

— cos5t +isin5t = cos® t —10cos® t(l— cos? t) + SCost(l—sin2 t)2 +i [5(1—sin2 t)2 sint —10(1—sin2 t)singt +sin® t}

Dong nhat hai vé ta dwoc diéu phai chimg minh.

Bai 2: Giai phuong trinh: 2° + 2" +2° +2° +z+1=0 (1)

Giai:
Taco: (1) = z* (z+1)+2*(z+1)+(z+1)=0
z=-1
1)(z* +22+1)=0
< (z+ )(z +1 +) Sl 2 1m0
: 22:—1+£|—0032—+|sm2—”
~1+/3i 2 2 3 3

Xét phuong trinh: z* + 2 +1=0= 2" =—— &
2 2 1 /3. 27 . . 2
7’ = - ——Zi=cos| —— |+isin| —=——
2 2 3 3

T . . T
) ) Z =CO0S +|S|n3
N T .. T
Tu ZZZCOS?'i‘lSln?:)

T . 7
Z=-—C0S —l....
3
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: ( sz+isin( 2@3 Z:COS(_%J”“”(_%J

Tu z° =cos| ——
3 ( ﬂj ! ! ( ”J
Z=-Cos| — _ |—isin| -
3 3

T6m lai phuong trinh d4 cho c6 tat ca 5 nghiém:

z=—1;z:z=1+£i;z=—l—£i; z=1—£i; z=—1+£i
2 2 2 2 2 2 2 2

Bai 3: Cho z; va 7 Ia hai 6 phirc xéc dinh boiz =1+i+/3 va z, =1-1i

a. Xac dinh dang dai so va dang lugng gidc cia -
ZZ

N e L r . . I«

b. Ttr d6 suy ra gia tri chinh xac cua: cosE va sin I

Giai:
.z 1+iV3 _1—\/§+i[1+\/§j

Taco
z, 1-i 2 2

, T .. T T .. T
Tacd:zz=2(cos” +isin"); z, = +/2 (cos| — +isin| —
1=2( 3 3) 2= 2 ( [J (J)

= A= ﬁ(cos% visin 1%y

z, 12
= cos7—” = 1_*@\/@1 sin7—”: 1++/3
12 2 12 2

Bai 4: Cho sb phirc zo c6 médun bang 1 va argument bang 2?”

A CMR 2z la nghiém ctia phuong trinh z° -1=0
b. RUt gon biéu thte (z —1)(1+ z+2°+2% + z“)

c. Hay suy ra rang zo la nghiém ctia phuong trinh: (zz +—j +(z + 1j +1=0
z

d. Giai phuong trinh ¢ cau c.
e.Tu do suy ra gia tri ctia 7 va biéu thirc gia tri cia cos? va sin 5

Giai:

. 2r . . 2%
a. Taco:zg=cos— +1Sin—

5 5

Ap dung cong thirc Moavro ta c: zy° = (COSZ?” +1isin 2?”)5 =c0s2 1t + isin2m = 1 = 7 la nghiém ciia phuong
trinh 22 -1 =0.
b. Khai trién dang thirc nay ta dwoc z° -1=0
c. 2’ -1=0&(z-1)(1+2+2° +2°+2")=0
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. . . , N 1 1 .
Ma 2o # 0 = Zo la nghié¢m ctia phuong trinh 14z + 22 + 2+ ' =0 = 2° (5 + = +1+2+72°) (V6iz = 0)
22 7

= 20 la nghi¢m cua phuong trinh iz + 1 +1+z+27°=0 (*) = dpem.
Z

YA
_1+.5

d. Paty=z+ 1 = phuong trinh (*) cd dang: y* -y+1=0&y,, = 5
. :

A a . s T . . 1 5 1
e) Tt cac cau trén ta cd: zp la nghiém ctia mot trong hai phuong trinh sau: z+ = =y; hoacz+ = =y,
Z Z

1-5
2

-Xétphuongtrinh:z+£:y1<:>22—y12+1:0<:>22+ z+1=0
z

, ) _—1+«/§ i [5++/5
1-+/5 5445 |. [5++5 AT TN 2
=|—| -4=- =1 =

R R U o A

| 2 4 2 2
1++/5

-Xétphuongtrinh:z+£:y2<:>22—y22+1:0<:>22+ z+1=0
z

2 , |, _~1=\5 i [5-\5

= I [2=N>

A:(u@j 4o 55| [5-VB | 4 2\ 2

2 e V2 |7 45 i

? 4 2V 2

Vi COSZ?” va sin 2?7[ déu duong = phan thuc va phan 4o cia zo déu duong

320221:_1+*/§+l 5+V5 _ o2m_le5 o 2m 1 /5+2J§

4 2 2 5 2 5 2

Bai 5: Tim n 1a s6 nguyén duwong va n e [1,10] sao cho s6 phirc z = (1+ i\@)n la s6 thyc

Giai:

Taco:1+i+/3 = 2(cos§+isin zj =7z= 2”(cos%+isinn§j

PézeR= 2”.sinn?” =0= sinn?”: 0 = n chia hét cho 3, ma n nguyén duong € [1;10] = n € [3;6;9]

Bai 6: Giai phuong trinh: z° =64 (1)

Giai:

Giast z=Xx+yi=r(cosg+ising)

Ta cO: —64 = 64(cosz +isin )

Z° =64 = r°(cos6p +isin6g) = 64(cosz +isinz) =r® =64 =r=2

Vacos6 o +isin6 ¢ =cosn+isint =>69p=n+2kn (ke Z)=> o= Z+2k7é




Véik=0:>21:2(cos7é+isin7éj = J3+i
Voik=-1=z = 2[003(-%)+i5in(—%jj =3-i

Voik=1= 7= 2[cos% +isin%j =2i

Voik=-2= 1z = 2(003(—%} + isin(—%D = -2i

Voik=-3= z, = 2(005(—%} + isin(—%n =3I

N N £ , ) ~ A ) 3+ 3 n
Bai 7: Tim so phtrc z thda man |Z| =4 va mdt acgumen cia —— bang mry
z

Giai:
Tact |z| = 4= z = 4(cosp +isin ) = z = 4(cos(~p) +isin(-p)) va

. .. 3+1 1 T .. (7
@+|=2(cosﬁ+|5|nﬁJ:f_ == cos(—+ J+|sm(—+ J
6 6 2 6 7 6 7

z

. LT T
Theo gia thiet =~ +op=-" < @p=—
9 6 7 6 %773

Vay z = 4[cos(—%j + isin(—%D =2-23i

Bai 8: Tinh tong sau: S = (1+1)%%® + (1—i)*®

Giai:
l+i= \/E(cosz +isin Z) = (1+1)%® = 2% (c0s5027 +isin5027)
1—i=+2(cosZ —isinZ) = V2(cos(=Z) +isin(-Z

(cos % ~isin%) = V2(cos(-2) + isin(-2)

= (1-1)*® = 2" (cos(-5027) + isin(~5027)).
Do d6S = 2" cos(5027) = 2%,

Bai 9: Chung minh rang cac diém bicu dién cac can bac ba cta 1 lap thanh mot tam giac déu.

Giai:

Xét phuong trinh z°® =: trén C, c6 nghiém z = r(cos ¢ + isin @) Khi dé
r=1

3p=k2r,k eZ

Do d6 phuong trinh 6 dung ba nghiém Gng voi ba gia tri ciia k 12
-Véik=0tacod z,=cosO+isin0=1;

2° =1 < r*(cos3p +isin 3¢p) =1©{
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-Voik=1taco zl=cosz—ﬂ+isin2—ﬂ=—1
3 3 2
-Véik=2taco z, =cos4—ﬂ+isin4—ﬂ=—1—|—.

3 3 2 2

Nén 1 co ba cin bac ba d6 1a cac sb phirc dugc xac dinh nhu trén. Trong mit phing phuc, goi A, B, C lan luot

la diém biéu dién céc s phiic 2,, ,, 2,.Khids  |OA| =|OB| =|OC| =1, A0B = 2?”; BOC = 2?”
Tir d6 suy ra tam giac ABC la tam giac déu.

Néu két hop thém khai trién nhi thirc Newton ta dwoc nhiéu két qua hay va bat ngd vé td hop.

M@t s6 iing dung khac

Bai 1: Tinh gid trictia S = Cyyye —Clise + Conso =+ — Clos + Cloon

Giai: ‘
Xét khai trien:
2000 _ RN~k ik 0 2 4 2008 1 3 5 2009
@+1) = z Czoog = (Czoog - Czoog + Czoog —et Czoog ) + (Czoog - Czoog + Czoog —et Czoog )'
k=0

2009z . . 20097
+isin

Mat khac (1+i)® = (\/5)2009.(003 j _ lod | 51004 ;

So sénh phan thuc va phan 4o ta doc S = 2'%,
Nhén xét.

Bing viéc xét khai trién (1+1)" ta c6 két qua tong quat sau:

[Cr? ~CZ+Cl—..= (V2)" cos X
(neN)
CL_Ci+CP—..= (ﬁ)".sin”T”

Bai 2: Tinhtong S = C, —C2 ., +Cip— .~ C2l0

Giai:
TacoS=Cy,, +i°Cs  +i'Chy +...+i°°CRT.
Do do co the giai nhu sau:
(1+ i)ZOlO + (1_ i)ZOlO
2

Céch 2: S la phan thyc cta s6 phic (1+i)7" (do (1+i)™"va (1-i)*" Ia hai s6 phuc lién hop)

Cach 1: S=

Bai tap tw giai:
Viét dang lwong giac ciia s6 phirc

Bai 1:
a. Viét dang lwong gidc cuia s6 phirc 22, biét z =1+1.
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b. Viét dudi dang luong gide cua sé phic z = 2i(v/3 - i).

Bai 2: Viét s phirc z du6i dang dai sb: z = (\2+ 2 +iy2—v2)°.
Bai 3: Viét dudi dang lwong giac cac sb phirc sau:

a. 1-iy3 b.1+i c. (L-iv/3)A+i) d. 11:3'/5
e. 2.i.(\/§—i) f. ! g.z=sing+1.cos¢
2+2
Ds:
a. 2{cos(%)+i.sin(%ﬂ b, ﬁ.[cos%ﬂ.sin%j c. Zﬁ[cos(—lﬂz)ﬂ.sin(—%)}
r, . ., I« T . V2 T, ..., T
d.x/i[cos(—E) + |.S|n(—E)} e. 4(cos 3 +1.sin 3) f. T[cos(— 4) +isin(— 4)}

g. cos[%— (pj +1isin [%— (pj

Bai 4: Cho s6 phic z =1+ iv/3. Hay viét dang lugng giac cua sb phuc z°.
N = 4 . 4 1 v . ~ . A ,
Bai 5: Viéet dang luong giac s z = 5 _TI .Suy ra can bac hai s6 phtc z

Bai 6: Viét cac s6 sau dudi dang luong giac:

a.2,=6+6i/3 b. zz=—l+i£
4 4
C. 23=—1—i£ d. z,=9-9iV3 e. 7, = —4i
2 2
Ds:
( T ..ﬂj 1( 2r ..27[)_ Ar . . A4r;
z, =12{ cos _ +isin _ |; Z, = | COS—+ISIN— |; Z, =COS——+1SIN—
3 3 2 3 3 3 3

St . . 5x 3 .. 3m),
z, =18| cos—+isin— |; z; =4| cos—+isin— |;
3 3 2 2

Bai 12: Viét cac sé phirc sau dudi dang luong gidc:

T . . T T . . T
a. —2| cos _ +1isin b.[cos _ —isin—
( 6 6) ( 17 17j
. T . T ..
c.|sin _—icos— d. 1-cosa+isina, a €[0;27)
17 17
Ds:
a. 2(cos—”+isin—”) b.cos| - " |+isin| - *
6 6 17 17
T .. T
C. COS——+ isin——
34 34
d.
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)

“Néuae (0:2n)=sin® >0= z,=2sin 2 (cos(” - &) +isin(” -
2 2N ) 2

N D

- Néu a = 0 = khong ton tai sé phirc dudi dang lwong giac.
Bai : Tim mgt acgumen cua cac sO phuc sau:

a. —2+2\/§.i b. 4 4i c.1- \/§.i d. cos%—i.sin%

e. —sin %— i.cos% f. (L-i~3)(1+i)

a. 2—” b. 3—” C. _T d.—” e.—5—” £ -
3 4 3 4 8 12

Dang to4n vé tinh toan:

Bai 1: Tim phan thuc va phan 4o ciia mdi s6 phirc sau:

-\10
a. [cos%—isin%jis(lﬂ@iy; b. i ¢ 72 41 pidy ring 7+lo1
z

2000
z

(\/§+i)9’

12
J la sb thuc

——\/Eg i le

1+i

—J3+i

1+i

Bai 2: Chung minh rang: (

=64

Ps: St dung cong thirc Moavro : (

Bai 3: Tim phan thyc, phin 40 cta cac sb phirc sau

+\10 7
a. (1+—|)9 b. (cosl—isinzji‘r’(lﬂﬁ) :

(\/5 + i) 3 3

HD: St dung cong thirc Moivre.
Pip s6: a. Phan thuc —%, phan a0 bang 0

) b. Phan thuc 0, phén ao béng 128
Bai 5: Ap dung cong thirc Moivre dé tinh

12

a. (cos15° +isin15°)° b. /2 (cos30° +isin 30")7 c. (L+i)® d. [1 +i£]

Zox 2r . . 27w
biét raing z =cos—+isin—
n n

Bai 6: Hay tinhtong S =1+2+7°+2°+..2""

Bai 7: Thuyc hién cac phép tinh
a.3(c0s120° +isin120°) (cos45® +isin45°) b. /2 (cos18° +isin18°) (cos72° +isin72°)

cos85° +isin 85
" c0s40° +isin40°

c. 5(cos T Lisin ”)3(cos " tisin ”)
6 6 4 4
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ﬁ(coszgnsinzg)

e.

2(cos” +isin’)
2 2
g. (cos%—isin%)iS.(l+\/§i)7

I (cos£+ I.sin z).3(cos£+ I.sin E)
6 6 4 4

Ds:
a. ﬂﬂ.ﬂ b. 3(c035—+| sm—)
2 12 12
d. £+|£ e. £+|£
4 4
Bai 8: Tim modun cla z va argument:
(25+2) iy
a. z= - +
(-1)6  (23-2i)
-\ 4
b. z= (_1+|)10 + 1 7
(V3-i)  (2v3+2i)
=(1+i\/§)n +(1—i\/§)n
Ds:
1 o
a.lz| = |z| 28— o5 AL ="
b. |z| Largz =
C. |7|=2"" cosSnTﬂ argz = e{0; 7}

Bai 9: Thuc hién phép tinh:
a. 3(c0s20° + isin20° )(cos25° + isin25°)

\/E(coszgﬂ.sin 2??)

C.

2(cos” +i.sin %)

2 2

Ps:

32 .32 V2 6 6
a —+1.—— bh. —+i.— , —

2 2 2 6 4
Bai 10: Tinh:

a. (cos12° + isin12°)°

A2

T4 12 12

b. [\/E(COS300 +isin 300)]7

; V2(cos45 +isin45Y)
" J3(cos15° +isinl5)

biét z+1:1
z

h. z%% +

2008
z

N\ﬁ
o|%

\/_(003450 +i.8in 45°)
\/_(003150 +i.sin15°)

d.5 (cosl+ I.sin z).3(cos£+ I.sin E)
6 6 4 4

d. 15(0035— +1.sin —)
c. (\3-i)°
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d. (1+i)*° e. (Liﬁj

2 2

Ps
a. %+i§ b. —4J6-i4J2 ¢ -2° d. 2° el
Bai 11: Tim mgt acgumen cia mdi s6 phtrc sau:
a. —2+24/3i ps: 2?” b. 4 —4i
c. 1-+3i PS: - d. cos——i.sin—

\/_ 3 4 4
e. —sin%—i.cos% bS: —5?” f. (L—i/3)(A+i)

Bai 12: Cho hai s6 phirc z, =2 ++/2i va z, =1+/3i

a. Tinh modun va argument cua hai s6 phirc noi trén.
3

, A \ , N . L
b. Tinh médun va argument ciia z;° Va z,” va —

ZZ

C. Tur d6 suy ra gia tri chinh xac cua cos—2 va SInE
Ds:
a.Taco|zi|=2; 1= Z; |z2] =2; @2 = 7;

3 2 |z} T
b.1z:°| =8 03= ==; |z2] =4, a= "= | 2{=2, s = —

|27 = 8; @3 n |22 = 4; @4 3 [2 5= 1
C.COS—= = ﬁh/gvasinﬁ = V62
12 4 12 4
Bai 13: Tim cac can bac hai cua so phirc sau:
i 1 i i
a. z=1+i b. =+— C. —2(1+|\/§)
2 2

Ds:

T 4 2kz T 4 2kn

a. z, = 42| cos2 > +isin4d o | ke {01}

ﬂ+2k7z E+2k7z
b. z, = cos-2 > +isin-2 o— ke {01}

T L 2kx T ok
C. zk:cos4 > +isin 4 > , k € {0;1}

o

5+3i\/§
1-2i/3

d. 7-24i

T
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4l+2k7[ 4—7[Jr2k7z

d. z, =2| cos 3 > +isin -3 > , k e {0;1}

Bai 14: Sir dung dang luong giac dé tinh sé phtc sau:

a. [%—i?}(—swi)(zﬁui) b. (1+i)(-2-2i)i
C. —2i(—4 +4+/3i) (3 + 3i) d. 3(1-i)(-5+5i)
Ds:
a. 122 (cos%[ + isin 77”) b. 4(cos0 + isin0)
or .. 5w T .. T
C. 48+/2 (cos— + isin— d. 30(cos’_ +isin
\/_( 12 12 ) ( 2 2 )

.. N £ . , L |Z2+3i \ A . T

Bai 15: Tim so phtrc z thoa man —=1va z+1 cO mot acgumen la _E
Z+i
Ps: 7=2/3-1-2i
Bai 16: Viét dudi dang lwong gidc ciia mot sb phirc z sao cho |Z| = % va mot acgumen cua li la —377[
+i

1 T, . ﬂj
Ps: z=—| cos +1sIn
3( 2 2

Bai tap tw giai phan wng dung:

Bai 1: Cho n nguyén duong.
s 2n
a. Ching minh rang: an —3C22n +9C§'n - 27an + ..+ (—3)nC22,? = 22n.COSTn
b. Tinh S = Cy —3CZ +3°C,, —...+3°C2
Bai 2: Cho Sérnguyén duong n. ,
a. Biéu dien s6 phirc sau theo dang dai so: (1 + i)
b. Chirng minh rang
(1-C% +Cl ~CE +..+Cl) +(CL —C2 +C5, ~Cl +..—Ci) =16"
Bai 3: . )
a. Cho z=cosp+ising (¢eR).Ching minh rang vdi moi s6 nguyén n>1, ta co

2" +in=2cosngo ;o z" —in=2isin ne.
Z Z

b. Ttr cau a. chirng minh rang

cos’ ¢ = %(COS4(p +4c082¢ +3),

sin® ¢ = %(sin 5¢ —5sin 3¢ +10sin @),

1 + |£

2 2

Chuang minh rang: (a +bz +cz? )(a +bz% + CZ) > 0.DA4u bang cua bat dang thirc xay ra khi nao?

Bai 4: Cho céc sb thuc a,b, ¢ va s6 phic z = —



