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Chuan bi

cho ki thi

tot nghiép THPT
va thi vao

Dai hoc

GV THPT Cim Xuyén, Ha Tinh

Trong cdc dé thi tuyén sinh vao Dai hoc, Cao
ddng va thi hoc sinh gidi cdc cap thuong gap
bai todn chirng minh bat ding thirc nhiéu
bién. Bai toan nay thwong gay kho khan cho
da s6 hoc sinh. Trong pham vi bdi viét chiing
101 gidi thi¢u phwong phap khao sat ham so
dé chitng minh bat dang thirc dang nay.

KHAO SAT HAM SO
PE CHUNG MINH BAT BANG THUC NHIEU BIEN

1. NOI DUNG PHUONG PHAP
Noi dung phuong phap thé hién ¢ ki ning xac

dinh ham s6 can khao sat dé giai bai toan
chirng minh bat dang thuc (BDT) dang:

BAI TOAN
Cho cdc s6 thuc a,,a,,...

gla)+g(a)+...+g(a,) 2 (S)ngla) voi s6
thuc a € D. Chitng minh rang

f(a1)+f(a2)+...+f(an) >nf ().
Dé giai bai toan nay ta can biéu dién f (a,.)
qua g(a,),i=1,2, ...
h(t) = f(t)—m.g(t),‘v’t € D.S6 m duge xéac
dinh sao cho ham s h(t) dat cuc tiéu tai
t=a, (h'( a)= 0) hay m—%

Luu y. » Trong bai toan trén ta phai c6 sd m va
dang thirc xay ra khi va chi khi g =a,=..=a,=a.

,a, €D thoa man

, n, nén xét ham so

e Bai toan dang: Cho cdc s6 thie a, Qy,...,a,€D
thoa man

g(al) +g(a)+...+ g(a,) < (2)n. g(a)
V6i s6 thue a € D . Chitng minh rang
f(a1)+f(a2)+...+f(an)Snf(a),
duoc gidi tuwong tu bai todn trén. Khi dé6 ham
S(@)
g'(a)

sb h(t) dat cyc dai tai ty=a va m=
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2. MOT SO BAI TOAN MINH HOA

W Bai toan 1. Cho x, v, z la ba 50 duong thoa
man x+y+z <1. Chirng minh rang

\/x2+12+\/y2+12+\/z2+122\/§.
X y z

: / 1
Phén tich. O day g(t)=t; f(¢)=,|t +t2 ;

n=3.Taco 3g(a)=1

Loi gidi. Vix, y, z1a cac s0 duong va

Xx+y+z<1,nén x,y,ze(0;1). Xét ham so

1 40\/872t
41

h(t) =, |t tot
L 40V

Vi e (0;1). Tacod

-1
2+l 4l

=0<:>t=%e(0;1).

h(t) =

(t) -

h(t)
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Tir bang bién thién, suy ra A(f) > 2711872

1 40\/8>2t+27\/872
41 °

rP+—=>
1? 41

Thay ¢ lan luot boix, y, z rdi cong theo vé cac
BDT cung chiéu, suy ra

\/x2+i+\/y2 +L+\/z2 +L
x2 y2 ZZ
2_%()“_3;_’_2)4_81:‘/18»2 >./82.0

Nhin xét. C6 thé khio sat ham s
1 404821

h(t) = —-

2 9.41

= Vte
t
\/xz +L +\/y2 +L +\/z2 +L
xZ yZ ZZ

Z40J2721+1+1 +\/872
941 \x y =z 41

Vit e(0:1)

Vvt e(0;1).

(0;1),suyra

240\/872 9 +\/8>22\/872.
941 \x+y+z 41

Vi céch giai nay c6 thé thay ddi bai toan thanh:
Cho x, y, z la ba s6 dwong thoa man
Xy + yz +zx 29xyz . Chitrng minh rang

\/x2+iz+\/y2+iz+\/zz+%2\/872.
X y z

WBai toan 2. Cho a, b, ¢ la ba s6 Ll’Lf’O'IZg
thoa man a* +b* + ¢* =1. Chirng minh rang
11 33 +9
+ + > .
1-b 1-c 2

l—a

. 1
Phén tich. Trong bai nay g(f)=£, f(t)=1—t

n=3.Khidé 3g(a)=1= a=%;
_fi@)_9+6\3
g'(a) 4

Loi gidgi. Vi a, b, ¢ duong va a? +b? +¢? =1,
suy ra a, b, c €(0;1). Xét ham sb

h(t)zL_9+6\5
1-t 4

t2,¥t €(0;1). Khi d6
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1 9+6f
(-2
n(t)=0< 12:9+6\6t
(1-1) 2
& 333 —6/32 + 33t -4+ 23 =0

63 —3-/364/3 —27
63

tﬁ?é(o;l) ;

633 =3 +4/3633 -27 o1

n'(@t) = € (0;1).

< hLh=

€ (0;1);

va t; =
3= 6\/7
t 0 4 t 1
h'(t) + 0 - 0 +
h(t) 1/
3
4

Tir bang bién thién, suy ra

L9463, +3 e ).
= 4 4

Thay 7 1an lugt boia, b, ¢ rdi cong theo vé cic
BDT cung chiéu suy ra

L, 1,1 29+6\/§(a2+b2+c2)+9
l-a 1-b 1-¢ 4 4
1 1 1 9+3\f
+ +
l-a 1-b 1-c¢ 2

Nhdn xét. Véi bai toan 2, ca phuong phap
ham 18i va phuong phap tiép tuyén déu khong
gidgi duoc, ddy 1a diém manh cua phuong

phap nay.

W Bai toan 3. Cho a,b,c la cdc s6 dwrong thoa
man abc = 1. Chirng minh rang
a b c o 342

+ + >
\/l+a \/1+b \/l+c

Loi gidi. Dat x =Ina, y=Inb,z =Inc. Khi d6
x,y,zeR va x+y+z=0. BDT da cho
tuong duong voi
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X z t=1€(0;3
¢ ¢ , ¢ 23@ o =192 116643 (03
Viver Jl+er l+e 2 Khi do H(f)=————-=0= 3
(2 -21+3) t=——¢(03).
iy Tox X e’ 3\/E L 19
Xétham 80 h(t) =———-—""1, v6i teR
Vi+e!
\/, t 0 1 3
2t 2t 2
thi w(r)=—2¢ N2 _g o0, n(t) + 0o -
2\/1+e’ 8
(o) -2
¢ 0 +00 /v 3 \
n'(@) -
, 2
\ 7 / Tir béng bién thién suy ra -0 <112,
10) Nz . 32 -6t +9 3
2 Thay ¢ lan luot boi x, y, z r6i cong theo vé cac

Tur bang bién thién suy ra A(f) > %,w eR

e 3f f

>—t+—,\VteR.
Jl+e 8 27
Thay ¢ boi x, y, z rdi cong cac bat dang thirc
cung chiéu, ta c6

e~ N er N e’
Ji+er Jl+er Jl+ef

32 N2 _3\2
2

ZT(x+y+Z)+ B

Dang thirc xay ra khi va chikhix =y =z =0
a=b=c=1.0

=

IBai toan 4. (USAMO, 2003)
Cho cdc 56 dwong a,b,c. Chirng minh rang
(2a+b+c)2 (2b+c+a)2 (20+a+b)2
+ +

2c12+(/7+c)2 2b2+(c+a)2 2cz+(a+b)2_

Loi giai
it x = 3a 3 - 3c '
a+b+c a+b+c

a+b+c’y

Khi d6 x, y, z duong va x+y+z=3 (x,y,z €(0;3)).

Bét dang thirc da cho twong dwong véi

x2+6x+9 N y2+6y+9 N z24+62z+9 <
3x2—-6x+9 3y2—6y+9 3z22-62z+9
. 2
Xet ham s (1) =0 1y vei 1(0:3)
32 -6t +9

BDT cuing chiéu, suy ra
x2+6x+9 N y2+6y+9 . z24+62z+9
3x2-6x+9 3y?-6y+9 3z2-6z+9
Sll(x+y+z)—25=8.

BAITAP TU LUYEN

1. Gia sur x,y la céc 5O  duong co6 tong bang 1. Tim
gia tri nho nhét cua biéu thirc

AR
Nl-x -y
2. Cho a, b, ¢ la cic s duong thoa min
a? + b% + ¢* =3. Chung minh rang

1 1 1
+ + >
2-a 2-b 2-c .

3. Cho a, b, c 1a céc s6 dwong co tong bang 3. Ching
minh rang

A=

1 1 1
a? b c?
4. Cho céc sb duong a, b, ¢. Chimg minh ring
(b+c—0¢)2 N (c+a—b)2 N (a+b—c)2 >3
(b+c) +a®> (c+a) +b> (a+b) +c> 5
5. Cho a, b, ¢ 1a cac s6 duong c6 tong bang 1.
Chung minh rang
a_ b L o 9 .
l+a? 1+b> 1+c* 10 .
6. Cho a, b, ¢ la cic sO dwong c6 tich bang 1.
Chung minh rang
1 1 1
+ +
a’?—a+1 b*-b+1

> a? +b?+ 2.

1.

c?—c+1
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