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1. NHUNG QUY TAC CHUNG TRONG CHUNG MINH B AT PANG THUC SU
DUNG BAT PANG THUC CO S|

Quy tic song hanh hiu hét cac BBT déu c6 tinhddi xtiing dod6 viéc s dung cac cling minh nét cach song
hanh, tén ty s gidp ta hinh dung rauqc két gua nhanh chéng vdinh hréng cach dgi nhanh lon.

Quy tic diu bang: du bing “ = ” trong BDT I rit quan tong. N6 gidp ta Km tra tinhding dén cia ching
minh. N&dinh hréng cho ta phiong phap gii, dua vaodiém roi cuia BDT. Chinh vi vy ma khi ¢y cho hyc sinh ta
ren luyn cho hyc sinh c6 théi quen timdiéu kién xay ra diu bing mic di trong céac ki thidt sinh co th khodng trinh
bay phin nay. Ta thy duoc uu diém aia diu bing dac biét trong phrong phapdiém roi va phrong phap tach ndgbh
dao trong K thuat sir dung BDT C6 Si.

Quy tic Vé tinh ddng thoi cia dau bing: khéng cli hoc sinh ma ngayamot b gido vién khi néi nghién
cau va chiing minh BDT ciing throng At hay miic sai hm nay. Ap aing lién tép haic song hanh caciBl nhung
khong chi ydén diém roi cua diu bing. Mot nguyén dc khi ap ding song hanh cacBT 1a diém roi phai dugc dong
thoi xay ra, nghia 1a cac du “ = ” phai dugc clingdugc thoa man i cling not diéu kién cia bién.

Quy tic bién Co sv cia quy ¢ bién nay la cac bai toan quyash tuyén tinh, cac bai toarbit uu, cac bai
toan arc tri codiéu kién rang bac, gia ti I6n nhit nho nhit cia ham nkéu bién trén ndt mién dong. Ta bit rang cac
gia ti 16n nhit, nho nhit thudong xay rad cac \ tri bién va cadinh rim trén bién.

Quy tic dbi xirng: cac BDT thuong cé tinhddi xung Vay thi vai trd @a cac bin trong BDT 1a nhr nhau do
d6 diu “ = ” thuong »ay ra &i vi tri cac bén d6 bing nhau. Nu bai toan c6 #n hé diéu kién dbi xing thi ta co th chi
ra diu “ = ” xay ra khi cac n bing nhau va mang éhgia tii cu thé.

Chiéu cia BBT : “ >, “ <” ciing & gilp tadinh hréng dugc cach cling minh:danh giair TBC sang TBN va ngyc
lai

Trén la 5 quyic $ gilp ta c&dinh hréng dé ching minh BDT, hoc sinh & thuc sy hiéu duoc cac quy#c trén qua cac
vi du va binh ldn ¢ phan sau.

2. BAT PANG THUC cO s

(CAUCHY)
1. Dang téng quat (N D): VXq, Xo, X3 vvvee... X, > 0 ta co:
+ X, +......
. Dang1 2 in X"zn\/xlxz .......... X

o Dang2: X+ Xt Xy 2 NIX Xoernnen, X

. DanQS:()(l+X2:]_ """ )%J 2 X Xeerrrnnnnn X,
Dau “ = " xay ra khi va chkhi: X = X, =............ =X
Hé qua 1:
. _ & e~one i _ _(SY
Néu: X+ %+t X, = S= CONE thi:  MaX(P=XXyoueovnn, &)_(nj
i = = = —§
khi X=X =1cuinniis %= N
Hé qua 2
N[STHEDA A %, = P= cons thi: Min(S=x1+ ) XZ)= P
Khi X = X = e =% =P
2. Dangmthé (29, 39):
n=2:V x, y> 0 khido: n=3:V XYy, z> 0 khido:
2.1 XLZyZ\/X—y )H_Ty—i_ZZZB)(yZ
2.2 X+ y>2,/xy X+ Y+ 2> 3 3 xy:
2 3
Xty S Xt y+2)
2.3 ( > j_xy ( 3 j_xyz
2.4 (x+y)’ > 4xy (x+y+ 2’ > 27 xy:
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25 1+é>_4 1+i+_1>—9

' X Yy Xty X Yy Z X Wz

5 @ Ls_ 4 1, 4

' Xy (X+y)’ XYz~ (x+y+ 2’
Binh luan:

e Dé hoc sinh & nhg, ta noi: Trung binhang (TBC)> Trung binh nhan (TBN).
e Dang 2 va dng 3 khidat canh nhau c6 & tim thuong nhing i giGp ta ntn dang khi sr dung BT C6 Si: (3
danh giatr TBN sang TBC khi khdng c&ain thic.

3. CAC KY THUAT SU DUNG
3.1Panh gia tir trung binh cong sang trung binh nhan.

Dbéanh gia r TBC sang TBN latanh gia BT theo chéu “ > ”. Banh giair tong sang tich.

Bai 1: Ching minh &ng: (a2+ bz)(b2+ CZ)( C+ a2)28 &by ¢ va,b,c
Giai

Sai lAm thwong gip:
S dung: V x, y thi ¥ - 2xy + ¥ = (x-yf> 0o X% +y* > 2xy. Dodo:

a’+b?>2ab
b*+c?>2bc :(a2+b2)(b2+ cz)(cz+ a2)28a2tfé vV ab (sa)
c’+a’>2ca
2>-2
Vidy: <3>-5 = 24= 2.3.4(-2)(-5).3=30 (Sai)
4> 3
L oi giai @ung:

Sir dyng BBT C6 Si: X+ Yy >2,/X°Y* = 2[xy| taco:
a’+b*>2/ah>0
0+ ¢ > 2)bd> 0. (a%+ 1F) P+ &) O+ )28 #55 d-8 & B &V a bwing
c’+a’>2[cg>0

Binh luin:

e  Chinhan cac & cua BBT cliing chéu ( két qua duoc BDT cling chéu) khi va chi khi cac ¥ cing khéng am.

e Cinchayng: ¥+y >2X*y* = 2|xy| vix,ykhong bt am hay dong.

e N6i chung ta it gp bai todn & dung ngay BDT C6 Si nhr bai toan néi trén ma phqua mot va phép kin doi
dén tinh hwéng thich kyp roi méi sir dung BDT C06 Si.

e  Trong bai toan trénéh “ > " = danh gid & TBC sang TBN. 8 = 2.2.20§y dén viéc ar dung bit ding thic
Césicho 26, 3 ap 9.

8
Bai 2 : Chrng minh &ng: (\/5.+\/B) >64ab(at+ B vab>0
Giai

(x/5+x/5)8={(\/3+\/_b)2}4=[(a+ l)+2\/_aq4 £ [2/2( & ;tx/_a%f: 2.2.ap a )b-

= 64ab(a+ by
Bai 3: Ching minh éng: (1 + a + b)(a+ b + ab)9ab V a, b> 0.
Giai

Taco: (L+a+b)a+b+ap)3¥lab. 3¥abab= %al

Binh luan:
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e 9=23.3 @iy sirdung Cosi cho bads 2 cip. Mdi bién a, bdugc xuit hién ba kn, vay khi sr dung Cd Si cho bads
& khur dugc cin thirc cho céc kin do.

Bai 4: Cheng minh &ng: 34+ 76> 9alf V a, b> 0

®

1al

cosi
Taco: 33+ 75> 38+ 65 =33+ 36+ 35 > FN3Pachs = 9a

Binh luén:

e 9alf = 9.a.b.b= goi y dén viéc tach hng tir 7k’ thanh hai bng tir chira B dé khi &p ding BPT Cosi ta c6 h
Khi da cédinh hréng nhr trén thi véc tach cac &6 khéng c6 gi kho kin.

a,b,c,d>0 1
Bai5 Cho:{ 1 1 1 1 CMR: abcd SQ

>
1+a+1+bJr 1+ cJr 1+ d_3

9]

i4i
Tir gia thiét suy ra:

1 1 1 1\_ b C d cosi bcd -
1+a2[1 1+bj+(1‘mj+(1‘ mn d]_ b ro kd- 3f/(1+|o)(1+c)(1+ a
1 bcd
1l+a (1+b)(1+c)(1+d

1 cda >0
1+b (1+c)(1+ d)(1+ @ - 1

1 dca N :(
1+c (1+d)(1+c)(1+a)

1 S abc S
S ig

\%

3

)ZO

\Y

¢<L_<L

’ > 81 abad
1+a)(l+b)(+ (- d) (- a(HBH(F ¢ % d

\%

3

1+d

W

abcd gi

81
Bai toan tng quat 1:

Cho:y 1 1 1 .........+—12n—1

1+><l+1+><2+1+x;r 1+ X

Binh luan:

CMR: XX X%...c...... X<

(n-1)°

e D4i véi nhitng bai toan cdtiéu kién 1a cac bu thic déi xang aia bén thi viéc bién déi diéu kien mang tinhdi
xtang € gitp ta xr li cac bai toan aimg minh BDT dé dang lon

a,b,c>0 11 a1 o,
Ba|6.Cho{a+b+C:1 CMR'(E ]}(B 9(;’ %Z ()

Gidi
A iobh 1 Cosi
VT(1)=1 al-bl-c_b+ccraar b 2J_bqZJ_cq2J_atlJ=8(dpcm)
a b ¢ a b C a b C

Bai toan #ng quat 2:
Cho;{xv o Xy %20 ur: (i_ J(i_ 1][_1_]} ....... [_1_ ﬂz(n_j;“
X+ X+ X+t X=1 X X, X X
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. a+tb+c)l
Bai 7: CMR: (1+—J 2(1+ a)(1+ b)(

IVN

(H%’_(;>8J_cv ahe (

iai

3 .
Ta co: (1+ a+b+ Cj = (i a)+(1+ b)+(l 9 CESI (1+ a)(1+ b)(l+ C) 1)

3

®
w

3 3
Ta c6: (1+a)(1+b)(1+ c)=[1+(ab+ ber ca+( & b pr al%(

o 3
C§S (1+ FNazh?c? + ¥ aber abgc:(1+ 3 ab): )
3 Cosi 3
Ta co: (1+ 3 abc) < (2\/1\37. abcj =8/ abc 3)
Diu“="(1)xayrac> l+a=1+b=1+e>a=b=c

Déu
Diu “ =" (3) xay rac> yabC=1< abc = 1
Bai toan #ng quat 3:

"(2)xayracc>ab=bc=cavaa=b=ea=b=c

Cho X, X2, X3y.v..... , %> 0. CMR:
n 1)
X+ Xt %)
(1+ . 2(1+xl)(1+x2) ..... (T >g) (H XX ) > 2 [ X% .....XBinh
luin:
e  Bai toan éng quat trén tiong duoc Sr dung cho 3 6, &p ding cho cac bai toaré\BPT luong giac trong ta
giac sau nay.

e Trong cac bai toan cdiéu kién rang bic viéc xir li cacdiéu kien mang tinhddng b vadéi xing la ét qua
trong, gitp tadinh heéng dugc huéng chrng minh BDT ddng hay sai.

Trong véc danh giatr TBC sang TBN c6 6t ky thuat nho haydugc sr dung. b6 la K thuat tach nglich dao.

3.2 Ky thuat tach nghich dao.
a, b

Bai 1: CMR: b >2 VYab> (O
Ta co: E —b g 21/ b

a2+2

Bai 2: CMR: >2 VYaeR
var+1l
a’+2 (a +1)+1 C03| \/

Ta co: =vaz+1l+ 2 Ja2+1
Jaz+1l  Jai+1 \/a +1 Ja +1
DAu “ =" xay rac> va +1= s at+l=1a=0
) : \/a +1

Bai 3: CMR: a+L23 Ya>b>0

b(a— b)

Ta c6 nlan xét: b + a — b = a khdng plthudc vao bén bdo d6 hang tir diu a $ du-o-c phén tich nh sau:
C05|
ar L _br(a-b+ J ba Bt -3Va b
b( afg té b

b(a-b)
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DAu “ =" xay ra< b=(a—b):ﬁc>a:2vab:1.
4

Bai4:CMR: a+ =3 Va>b>C (1)
(a— b)( b+1)

Vi hang tir dau chi c6 a @n phai thém ot ¢é técGﬁ;]anh cacang tr sau khi & dung BDT s3 rdt gon cho cac
thira  dusi mau. Tuy nhién tiu thic deéi mau c6 ding (a— b)( b+1)2(thira % thar nhat 1 mot da thirc bac nht b,
thra $ 2 la nt thic bic hai @ia b) dod6 ta phii phan tich ¢ thanh tich ¢a cacda thic bic nhit ddi véi b, khi dé ta
co the tdch lang tr a thanhdng cac kng tr la cac thra $ cia mau.
Vay ta co:(a— b)( b+1)2 = (a- b)(b + 1)( b + 13> ta phan tich a theo 2 cach sau:

2a+2=2(@-b)+(b+1)+(b+1)dooa +1 (a b) b+1 bzl
Tir d6 ta co(1) twong duong :
4 b+1 b+1 4
VT +1=a+1+ =(a-b)+ + n
(a—b)(b+1)2 ( ) 2 2 (a—b)(b+1)(b+1)
Cgsi b+l b+1 4
> b : =4
i/(a A T
1
az=
Bai 5 CMR ﬂz:% i 2
4db(a—-b a_q
b

Giai
Nhan xét: Dréi mau s b(a-b) ta nAn thiy b + (a — b ) = a. Chién ddi tit ca biéu thic sang kin a la 1diéu
mong mn vi viéc ar Ii véi 1 bién s don gian hon. Bién tich thanhdng thiday 1a mdt mat manh aia BDT Cési. Do
dé:
b+ ( a— b) a2

Ta c6danh gia ¢ mau s nhu sau:4b(a— b)S 4 — 5 [T 4j= &

2a8+ 1 cosi 213+1 a3+a3+1 Cosi 1
> — - >
Vay: b(a-b) 5 a+a+ > 3@/

b=a-b a:1
Dau “ =" xay rac o
a:é b_

N I

Binh luan:

e  Trong vic xir li miu & tada sr dung 1 k§ thuat d6 ladanh gia r TBN sang TBC nim lam trét tiéu bén b.
e D4i véi phan thic thi viéc danh gia riu s, haic tir 6 tir TBN sang TBC hay ngyc lai phai phu thuoc vao du
cua BDT.

Bai 6: Bai toan #ng quat 1.

Cho: X > X, > X, > ..o, x> Ovad ke Z cvr:
1 (n-1)k+2

al+ k k 2 (n—ljk+2 K
a(a-a)(a-a) ... o (a .- a) T
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VT=8,+(a-a)+(a-a)+..+(a ,— a)+

:an+(a1_az)+..+(al_a2)+..+(a”‘l_a")+...+(a'”_a’)+ - 1 - -
k . K K y K__ a(a-a)(a-a)- (a4
(a-a) (a-a) (a.-a) (3.—a) 1
>[(n-)k+2](n1k:7a C kK K aaaf(a- (e d
k k
_(n-)k+2

B [n—1)k+2/—k[n_1)k
Tom lgi: Trong ¥ thudt tach ngtich dao k9 thugt cin tach pkin nguyén theo du 5 d@é khi chuyn sang TBN thi cac
phan chra bien by triét tiéu ch con ki hang 9. . )

Tuy nhién trong kthuit tach nglich dao doi véi bai toan cdadiéu kién rang bwc cia dn thi viéc tach ngbch dao
hoc sinh throng b mac sai bm Mot kp thugt thueong duoc sr dung trong K thudt tach nglich dao, danh gia & TBN
sang TBC la kthudt chon diém roi.

3.3 Ky thuat chon diem roi

Trong ky thuat chon diém roi, viéc ar dung diu “ = " trong BDT Cosi va cac quyat Ve tinh dong thdi cia diu
=", quy tic bién va quyic ddi xung € dugc sr dung dé tim diém roi cua bién.

_ , . 1
Bai 1: Cho a> 2 . Tim gia tr nho nhit (GTNN) aia S= a+5
Giai
- R : 1 1
Sai Am thudng gap cia hoc sinh: S= a+5 > 2 aa =2

7
Apg &

DAu “ =" xay rac a:a@ a=1=vo i vi g thiét 1a a> 2.
Céach lamaung:
Ta chpn diém roi: ta phai tach hang tr a hdic hang tr adé sao cho khi apuhg BDT Cési diu “ = " xay ra khi a = 2.

C6 céc hinh tinc tach sau:

la;ij ) Ching han ta clon s d6 diem roi (1):
a a (so do diem roi (2), (3), (4) lc sinh tr lam)
1
( 1) aa,aj (2) la_ 2
a=|= —a=—
'a 1 o o — 2 :1‘ =>a=4
a— 3
aaj @ 1_1 a 2
o a 2
a— 4
(25 @
Vay ta co: S=%+%+3Za2 %—;+%a21+%2:§2. Diu “="xay rac a =2,
Binh luan:
e  Tasrdungdiéu kign diu “ =" vadiém roi 1a a = 2 dra trén quyac biéndé tim rao = 4.

e O day ta thy tinh dong thoi cua diu “ = ” trong viéc &p ding BDT Cosi cho 2 & %,% va %?'dat gia ti lon

nhét khi a = 2, @ic 1a ching c6 cundiém roi la a = 2.
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Bai 2: Cho a> 2. Tim gia tf nho nhit cua béu thac: S= a+%

a_z2
p PR a o 2 1
So @6 chon diém roi: -m: - === —=5u=8
' 1 1 a 4
az 4

Sai lam thwong gap:
1 (a 1) a ,al 7@a 2 @& 2 712 2 7 .9
> —_—t =4+ 4+ = 1 = = —
S= at— (8+a2j+8_2/8. -t \/_+ 8_x/8_.2+ 3 424 = MinS =7

Nguyén nhan saiim:
Mic du clon diém roi a = 2 va MinS =1 la dap $ ding nhing cach gii trénda mic sai Am trong véc danh gia riu

2

s6: Néu a> 2 thi —— \/_ \/—2 Ia danh gia sai.

bé thyuc hign 1oi giai dung ta én phai ket hop véi ky thuat tach nglich dao, phii bién d6i S sao cho sau khirsdung
BDT Cési € khir hét bién & ag mau .

e ol 1aa1 6a00SI aa16a 6@
L &i giai dang: S_a+a [8 8 j 3 33888.2 3 4 5= 21‘- 8

Véi a = 2 thi Min S:%

a,b,c>0

Bai 3: Cho 3. Tim gia ti nho nhit cia S= a+ b+ cr

<2
a+b+c< 5

11,1

a b c
‘ Gii

Sai lam thwong gap:

S=at+ b+ o+= +1+ 1>6,6/ab(:—:L 1—1—6:MinS:6
a b c abc
Nguyé&n nhan sahin :
1

Min S =6< a=b= czlz_:
a b

UI

=1 = a+ b+ c=3>g trai Wi giai thiét.

Ol

Phéan tich va tim toi bi giai:

Do S la nét bidu thic dbi xing Wi a, b, ¢ nén d doan MinSdat tai diém roi a= b= C=%
1
So @b diém roi: a=b= C=%:> i:i:2_12_23%=§ = a=4
aa ab ac «a
Hoic ta c6 & do diém roi sau:
a=ab=ac=%
1 |“ 2 a 1 2
a=b=c=3 =2 =4 === = a=4
22 1:}:_1:2 :>2 — 4 22 o o
a b c
Vay ta co céchgithe0$>662nh1 sau:
S(A%4m4m an+n¢>ﬁ4anmé———@a-b)
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3 15 1 15
> = —_ —_
12- 3. 5= Vi a=b= C== thiMins = >

2

a,b,c>0 1 1
Bai 4: Cho a+b+c<:—; Tim GTNN @ia S= \/a2+b2 \/B+F+\/é+?

®

| v

idi
Sai lAm thwong gip:

SRR Bl G

z&j{z\/azlﬂ ble ] Y8 37 - Mins=3/2,

Nguyén nhan saidm:

1

Mins =3J2 & a=b=c= b

Phéan tich va tim toi b giai

=1 = a+ bt C:3>§ trai v6i gia thiét.

O||—\

Do S la nét bidu thic dbi xing Wi a, b, ¢ nén d doan MinSdat tai &= b= C=%
1
@=p=c=1
4 = 1=£ = a=16
1 1 1 _ﬂ 4 o
ad®> ab? ac «o
L oi giai

, 1 1 1 1 1 1
>\/1710/a 16~ 1ag * \/quzW et \/ 1{%6 & TlE

16 16

B a’ / b? | & 4 a J b J c

_\/171 1616b32 \/171 616 32 \/11 1616 2= 1{\7/ 168[)16+j 16£>C16+\7/ 16a 1%
/ 3J17

>\/_7[3§/\/168b16 \7/168016\7/16%16] 3317 163a50 c® 2\/ 2a202c

N 3J17 _, 3/17 Déu* = " xay ra khi A= b= C=%:>Min8=£7
5 l{/[ 2a+ 2+ 2cj 2 5
W o3

Binh luan:

e Viéc chpn diém roi cho bai toan tréda gai quyét mot cachdingdin vémat toan ke nhrng cach lam trénibng
déi cong kénh. Néu chang ta &pwhg viéc chpn diém roi cho BDT Bunhiacopski thi bai toaré sihanh gn hon
dep hon.

e  Trong bai toan trén ching ¢a ding ndt ky thuit danh gid i TBN sang TBC, cliu cia diu cia BDT khong cli
phu thusc vao chéu danh gia ma né con phhudc vao béu thirc danh gia Bm & mau s hayo tir s

Bai 5: Cho a, b, ¢, d > 0. Tim gi& mho nhit caa biéu thic:
__a . b L c d +b+c+d+erd+qkachaglrab
b+tc+d c+d+a abd ab c a b C d
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Sai lAim 1 thwong gip:

a b+ c+ d a bred_
brcrd 22\/b+ ccd a =2
3 +c+(3)+a22\/ (tj)+ .c+<i+a:2
c+d+a b q Ct a b g = S>2+2+2+2=8
c a+ b+ ar 3
arb+d _2\/a+b+d ¢ 2
d a+b+c a br c
atbrc. _2\/a+b+c d =2
Sai lAm 2 thm‘rng gip:
Sir dung BDT Cési cho 8 &:
S>8§/ b Cc d b+c+derd+aabdab28
~“ \b+c+d c+rd+aa b dab c a | b - c d
Nguyén nhan saidm:
a=b+c+d
Min S = 8 b:C+d+a:a+b+c+d—3(a+b+c+d§l—3: V6 Iy
- c=d+a+hb - - v
d=a+b+c

Phan tich va tim toi bi giai 7 ) ) 7

bé tim Min S ta @n chi y S 1a rét bieu thrc doi xing wi a, b, ¢, d daié Min S réu co throng dat tai “diem roi ty

do”la:a=b=c=d>0.(n6i Bém roi ty do vi a, b, ¢, d khéng mangdbhgia ti cu thé). Vay tachoteéca=b =c
=ddrdoan Min S = g+12:4—30. Tur d6 suy ra cadanh gia éa cac BT bo phan phai c6 diéu kign diu bing

xay ra la ap con @adiéu kién dy dodn: a=b=c=d>0.
Ta co 9 do diemroi: Choa=b=c=d > 0taco:

a _ b ¢ d 1
btc+d c+d+ta ab d a b c3 1_3 _
b+tc+d_crdra a b d ab c3 - 37 = a=9
a b C a

d
Cach 1: & dung BDT Cési ta c6:

_ a b+ c+d 8 b+ c+ d
S_a,§,d£b+c+ d 9a j Z 9 9a

a,b,c

>8§/ b Cc d bterded aab da b
_b+c+d'c+d+a'a+brd&bb9a'9b'9c'9d
8(bcdcdaabd a, CJ

9 a+a+a+b+ b+b+ C+ +C+ d +d

8 8 \{bcdcdaabdabj 8 8 4Q
"3

+

>3t aaabbbecccdd. 12=—3

Véia=b=c=d>0thi Min S =40/3.

3.4 Ky thuat danh gia tir trung binh nhan (TBN) sang trung binh éng (TBC)

Néu nhr danh gla ir TBC sang TBN l&anh gia wi ddu “ >”, danh gia ir téng sang tich, Bu ném na la thaycﬁJ
+”bang diu “ . " thi nguoc lai danh gia tr TBN sang trung bmh,oog la thay du bang‘dau ‘+". Vaciing a@in
phadi cha y Iém sao khi bn tich thanhdng, thi tng ding phii triét tiéu ket bien, chi cc‘)n bi hang .

Bai1:CMR Jab+ycd<(ar 9(b- d Vabed O
Giai
Kj thudt sik dung Bit diing thiecc CO-Si 10




(1)@\/ a+c b+ d \/( C(dbl— C)_l Theo BDT Cosi ta co:

1( a b 1( c d ) fac bad 1 B
VTSE(—a+c+mj+§[?c+FdJ—‘z[TéT =L+ 3)= Lgpem)

Binh luan:

e Néu giir nguyén ¢ trai thi khi bén tich thanhdng ta khong té triét tiéu an $ = ta c6 phép Bn déi tuong
duong (l) saudd6 bién tich thanhdng ta § duoc cac phan tic c6 cung riu 5.
e Dau*“<"goiy cho tagu sr dung BDT Cési thi ta phi danh giair TBN sang TBC

a>c>0
b>c>0
Giai

[c(a- lc(b-
Ta ¢ () twong duong Wi : C(Zb C) + C( D C) <

Theo BDT Cosi ta co:

BMZCMRan—q+qu—QSJEbV{ 1)

cla-9 _ [e(b-9 _1({c (a9 1fc (P-9|_ 1(a, b)_
"ab "Va 2 a2 &a b ﬁ(‘?&‘“ﬁmm)
Bai 3: CMR 1+\/ﬁ<\/( g(+b(+ 9 Vahe ( )

Ta c6 bén déi sau,(1) tuong duong:

Y1 3abos {1 o)+ §( + 9 Qi/(1+a)(1llj.bl)(1+c)+§/(l+ a)(ibB(H eI

VT<E ].+ 1 N 1 L a N b_+ c |_ 1 &Fll} Ct+ _§:1
“31+a 1+b 1+rc ka b %c }a ib 1 '

Diu“="xayrac>a=b=c>0.

Ta c6 bai toan Hng quat 1:

cMR:g/a8, .4 +{Bh - h<y(ar B(a+ B .. a B V¥V ab 04 1)
Bai 4 : Ching minh ng: 16ab(a— by < (a+ b4 Vab 0

Giai
272 272
Taco: 16ab(a- bP = 4.(4ab)(a- f < {W} _ {@} - (= Y
N a,b,c>0 ) o 8
Ba|5:Cho{a+ bt ce1 Ching minh &ng abc( a+ lj( bt Q( c ?Sm

o Giai
So do diem roi:

Ta nhin thiy biéu thic c6 tinhddi xang dodé diu “ = ” ciia BDT < xay ra khia=b= c= 1 Nhung thyc t ta ch

3
can quan tam la sau khirslung BDT Cési ta @n suy raduoc diéu kién xay ra diu “ = ” 1a: a = b = ¢. Dal6 ta co bi
giai sau
3
C%l a+b)+(b+ o+(c+ roy
abof & B( br §( o 3] axbecl|(arBr(brgr(c 3} (1V(2) 8
3 3 3)(3 12¢

Kj thudt sik dung Bit diing thiecc CO-Si 11




Trong K thudt ganh gia & TBN sang TBC ta tly thwong nhan thém cacing $ dé sao cho sau bn tich thanhdng
Cac Bng do triét tiéu cac bin. Dac biét 1a doi vsi nhitng bai toan c6 théndiéu kign rang buic cia dn 5 thi viéc nhan
thém ling $ cac em hc sinh @ mic sai bm. Saufay ta ki nghién ¢u thém 2 phong phéap wa dé la phrong phap
nhan thém ting $, va ctvn diém roi trong viéc danh gia tr TBN sang TBC. Dda trinh bay plrong phapdiém roi ¢
trén nén trong mc nay ta trinh bay ép ai 2 phin .

Kj thudt sik dung Bit diing thiecc CO-Si 12




3.5 Ky thuat nhan thém hing $ trong danh gia tir TBN sang TBC

Bai 1: Ching minh &ng: a\/(b—l) + b\/( a— 1) <abVvVah1
Bai nay ching ta hoan toan cé tthia @ 2 e cho ab sadd ap ding phrong phapdanh gia & TBN sang TBC nin
phan trege da trinh bay, tuy nhiéa day ta ap dng mdt phaong phap ndi: phuong phap nhan théniihg $

a/b)-affb-g1 ¥ L) ab

Taco: '
bf(a-1)-hf(a12.1 < bL;)*l:%b
= a\/(b—1)+ b\/( a—1) < a_2b +12b: at
D; “ =7 yavra b_].:l N b: 2
S AR P T a2

Binh luan:

e  Tathly viéc nhan théming $ 1 vao béu thic khdng hoan toanrtnhién, i sao ki nhan thém 1 ma khéng 4
la 2. Thyc chit ciia van dé 1a ching tata chon diém roi cua BDT theo quyic biénlaa =b = 1/2.

Néu khéng n#in thirc dugc ré Van dé trén ke sinh § mic sai km nhr trong VD sau.

B a,b,c>0
Bai 2: Cho

Tim gia ti 16n nhit: S=+/ a+ b+ br cr/ & ¢
a+b+c=1

. Giai
Sai lam thwong gap:

Ja+b= (a+tb.1 C%Si(aJr—b)Jrl

2

vb+c= (bt 9.1 B (b+—§)+1 = Ja+b++b+c+Vcr %2(a+b2+c)+3:%
~ cesi (C+a)+1
Je+a= J(c+a.l < —

Nguyén nhén saidm
Diu“="xayrac>a+b=b+c=c+a=>a+b+c=2 traid gia thiét.
Phéan tich va tim toi i giai:

Do vai trd @a a, b, ¢ trong céc i thic 1a nhr nhau dadé diém roi cua BBT 5 la a= b= C== tir d6 ta dr doan

3
2
MaxS=4/6.=a+b= b+c—c+a-—:>hang§>cannhanthem|a§ Vay loi giai dung la:

2

b+cz\gm c%si\ﬁg%

Kj thudt sik dung Bit diing thiecc CO-Si 13
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3 2(a+b+ c)+3.g 3
= Ja+b++b+ c+Vcr a&\g. 5 3:\ﬁ2.2:\/6

. X . . a,b,c>0
Bai to4n trén éu chodau bai theo yéuau sau thi hc sinh § c6 dinh hréng %t hon: Cho {

+b+c=1

minh fing: S=+ a+ b+« br crv & a&+/6. Tuy nhién Bu rém duoc ky thuat diém roi thi viec viét dau bai
theo hréng nao ang co ti giai quyét duoc.

Chang

Bai 3: Ch O<x<3 Tim Max A= (3 12 -3y)(2x + 3
ai 3: 0] Osys4 im Max A = (3 —x)(12 — 3y)(2x + 3y)
Gii
3
1 cosi 1 | (6—2X)+(12- 3)+( 2x+3 |
Lo-2q(12- ) 26 3 T 1| E22NTOZ IHZEH T4

x=0

D4u “ = " xay ra< 6 -2x :12-3y:2x+3y:6:>{y_2

Binh luan:

e Viéc chpn diém roi trong bai toan nagi vai hoc sinh throng ki lGng tang. Tuy nhiénam ar vao yéu au khi

danh giar TBN sang TBC &n phai triét tiéu Fét bién cho nén #n or vao cac B sb cua tich ta nhan thém 2 vg

thira $ thar nhit 1a mot diéu hop ly.

3
(X+Y)
Bai 4: Cho x, y > 0. Tim Min f(x, y) =———
Xy

Ta co: xy2_116(4x)(2y)( y)< liG( 4x+2y+2 T_ ({ ix+ } _—24§ Xt ))!3

(x+y) . (Y _4 - _ 4
= f(xy) = —— = Min f(x,y)=—
X 247(X+ y' 2 27

Diu “ = " xay ras 4x =2y =2y y = 2x>0.D6 la tip hop tit ca cacdiém thubc duong thing y = 2X \i x duong.
Thuc ra viéc dé hé sb nhu trén c6 th tiy y dugc mién la sao cho khi sau khi &prey BBT Cdsi ta bén tich thanhdng
cia x +y. ( CO th nhan thém &sd nhu sau: 2x.y.y).

Binh luan:

e  Trong bai toan trén yéuig la tim Min nén ta c6 thair dung ky thuat danh gid & TBN sang TBC cho gim ¢
dudi mau $ vi danh giar TBN sang TBC latanh gia i diu “ <” nén nglichdao ciané ¢ 1a“>".

e Tading co tit danh gia r s tir TBC sang TBN#é c6 chéu “ > "

Bai toan téng quat 1:

1+2+3+..4n
. N ST S S %)
Cho X, X,y Xyeerennnns %> 0. Tim Min f= XA n
Bai 5: Ching minh ﬁng:{‘/ﬁ<1+% D vne N h>1

) Giai
Véin =1, 2 ta nn thay (1) dang.
Véin> 3 taco:
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Jn+dn+1+1..4 1
—— 7 2N+ (n-2
\/Jﬁfnl I G _2n+(n-2) n+an_, 2
n n n Jn
Bai toan téng quat 2:
Ching minh &ng: (1+%) <[1+%J ¥ m<ne N (1)
Giai

m
Ta bién doi (1) ve bat dang thirc trong duong sauf) (h%} < 1+

1
n

m
Taco: n (1+ij = (1+—1j(
m n m

1+—1j ...... (1+—r11J Ao,
m TTm

X (1+1j [1+1j ....... +(1+
Cgﬂ m m m

1

n
Binh luan

<1+=
n

e Can phii binh luan vé ddu * =

cac tan ddng nghép)

”: trong bai toan trén ta coi 1/m = &tthi khi d6 diu bing trong BDT Cosi iy ra|
khi va ch khi 1+ a = 1< a = 0. Nhwng thyc t thi diéu trén trong duong Wi m tién t6i +co, khi m 14 Hiu han thi
dau “<” 1a hoan toaniling. Ching taimg nkin thdy néu m tién ra +oo thi hai \é cia BDT cang dn t6i clng nit
gia tri 1a e (@ b ty nhién @a ham logarit). Ta Bu & trong qua trinh nay thi VRt nhanh bn VT nhung sal
nay khi tung rao thi tbc d6 dan bing nhau va khing cach ngay thuep. (Muc nay xin ch binh Iuin cling i

Tom ki : Pé s dung BOT Cosi tr TBN sang TBC tadn chii y: Cli s can thirc 1a bao nhiéu thidcac $ hang trong
can 1a dy nhigu. rdu 5 cac  hang nh hon chi s5 can thi phii nhan thém kling $ d¢ s cac $ hang hing chf s cin

a,b,c>0

Bai 6: Cho
a+b+c=

Sai lAm thwong gip:

1 TimMax S=¥a+ b+ I b+ a+¥ & ¢

Ib+c=3(b+ c).l.lstrlJrl
, ~ (c+a)+1+1
Je+a=F(c+ a).l.lsT

2(a+b+cj+6 8

= S=Ya+r b+Ibrc+t¥ & x

Nguyén nhan saidm:

a+b=1

=— =>MaxS =

3 3 3

MaxS:%@ b+c=1 = Za+b+rg=3= 2 3= Vol

c+a=1

Phan tich va tim toi bi giai:

Do S la nét biéu thac d6i xung Wi a, b, ¢ nén Max S thing Xy ra ti diéu kién:
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2
a+b_3
2

a,b,c>0 L
{ @a:b:c:l@ b+c:g :>Ve1yhe1ng:zacémnhanthémla%.§

a+b+c=1 3 3

2
c+a=3

2 2

, 9 [ 22 (a+b)+—+—

b+c)+

Ta c6 bi giai: \3/b+c:§/g.13/(b+ C)%%S( )3
2

. 9 29 (c+a)+5+5
Mﬁ/;.?/(w 422 "3

2(a+b+c)+4
= S=¥at+ b+rIb+ &+¥ & a£39. ( ) =3@.§=\3/18
4 3 4 3
2

+

WIN
win

WIN

Vay Max S =318, Diu“ =" xay rac> {b+ CZ% o a=b= Czé

2
cra=z

3.6 Ky thuat ghépddi xirng

Trong k thuat ghépddi xtimng chiing taan nim duoc mot sb kiéu thao tac sau:
2(x+y+2)=(x Y+( W 2+( Z )

Phép éng: X+y, y+z 2z X

X+ y+z="5= 4= 5

Phép nhar’y*Z=( xy( y¥( 2) ; xyz=/xw/ W 2 (xy,z= §

Bai 1: Chrng minh &ng: %:+%El+%k)z a+b+c Vabc O

) Giai
Ap dung BBT Cosi ta cé:

bc  ca bc ca

b, ca) b ca
a+b)_ ab
ngibj ca ab bc ca a

.—:a:>—+—+—b2a+b+c.Déiu“:"xéyra@a:b:c.
b ¢ a b c

NI, NI NP

gzz_bca

++
& a

2
Bai 2: Chtng minh &ng: %+%+ Va,b,c£0

C
Giai
Ap dung BDT Cési ta co:
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lla b2 a b g
20T e)” W'F‘HZE
1(b? , ¢ ¥ ¢ k b? | b c ¢
et Z\/F?“_jz_a - bz+cz+az—‘—§+‘ﬁ+‘—3za+5 <
Aot 26w 0
2 b2 2 a b
Bai 3: Cho tam gia@dABC, a, b, ¢ 1a& do ba anh aia tam giac. CMR:
1, 1 1 1 1,1 1
a) (p—a)( p-b)( p- <3 abe b) p—a+ p—b+ 0 = 2(—61+B+—(J
a) Ap dung BDT Cbsi ta co:
p-a)+(pP-b ¢
(p—a)(p—b)s( )2( )27
-b _
(p-b(p-g= P9 8 (p a(ppp ped anc
p—-a)+(P-9 b
(p-a(p <" )2( q=7
b) Ap dung BDT Cési ta co:
1, 1 J y 1 y 1 _z
2lp-a p=b)  J(p-a)(p-§  (P-a)+(p-B ¢
2
i1 13 1 > 1 _2
2\p=b p-¢/  J(p-b)(p-9 (P-b)+(P-9 a
2
i1 1) 1 > 1 _2
2lp-a p-¢  [p-g)(p-9 (P-a@)+(p-g b
2

N 1 + 1 + 1 5ol 1 1 1 1
p—-a p-b p-c W
DAu “ = ” xay ra cho & a) va b) khi va chkhi A ABC déu:a=b=c
(p la nra chu vi @a tam giacAABC: pP= a+£)+ C)

Bai 4: ChoA ABC, a, b, ¢ la&do ba anh aia tam giac. Chng minh &ng:
(b+c-a)(cta b & b- §< ab

< Giai

Ap dung BDT C6si ta c6:

Kj thudt sik dung Bit diing thiecc CO-Si
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b+c—a)+(c+ a—t) .

Os\/(b+c— a(cra-Bh < (
(c+a-Db)+(a+b-q _ .

N

Os\/(c+ a-b)(a+b-q <

N

b+c-a+(arb-q o

Os\/(b+c— a)(a+b-q < ( 5

(b+c—a) (c+a—t)(a+ b- ¢ < ab
="xayrac> AABCdu:a=b=c.

= 0<
Au

Da
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3.7 Ky thuat ghép cip nghichdao cho 36, n

Noi dung én nim dugc cac thao tac sau:

1. (x+y+z)(1 i/ 1j>9 VXY, 2z (

1.1 1 2
2 +X o X ) 12N VX, X, X > (
R
Bai 1: Ching minh éng : b+C+ C_‘t_)a azb>6 Va,b,c> 0 (1)
Giai

Ta bién ddi (1) tuong duong: £l+ b%acj (1 Tj

@a+:+c+b+t():+ aJr c+Ca+ b29

Bai 2: Ching minh &ng: 2 2

C+ a

[1+ibJ_9
C
1 1 1

b

(a+ b+ C)[a E) > 9 (dpcm)

2

9 Va,b,c> C

Ta bién déi twong dwong BDT nhu sau: 2(a+ b+ C) (

1

+ + >
a+b b+rc c+a a b c

Giai

1

1 1 1
>
atb brc C+J =9

e [(a+ b)+(b+ g+( a* (ﬂ [a-:iL-b-i- b e o

Bai 3: Ching minh &ng:

C a+b

+
a+b b+c o a

Ta c6 bén ddi tuong duong sau:(l+ ¢ j (1+
a+b

3
2

J > 9 (dpcm)

= Va,b,c> O(BDT Nesbit)

b 9
[1+ aj> +3= >

- a+b+c+ a+b+c+
a+b b+ c

a(a+b+c)[ 1 .1

o [(a+b)+(b+ d+(ar q] [

c? a 02

Bai 4: Ching minh &ng:

a+b b+rc o+

2
Ta bén déi BPT nhr sau:| C+——— ¢ +| a+-——
a+b

c

= C[l+ b

j+a 1+

+ >
a+b b+c o a

a2

b+

S

bre|

ar b— 329

cra ) 2

1), 9

2
1 1 1
>

arb brc of aj = S(dpem)
> a+2b+ ¢ wvab,c>C

Giai

aj a+ b+ ¢

3(a+b+ c)

= 2

3(a+b+ c)

C a b
& (a+b+ C){a+b+ e

2

Kj thudt sik dung Bit diing thiecc CO-Si
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C a b S
a+b b+rc o a
a

o (1+a—ibj+(1 Brc
= [(a+b)+(brg+(ar

3.8 Ky thuat doi bién sb

C6 nhing bai toan & mét biéu thic toan fc twong déi cong kenh hdic khé giii, khé nhin biét dugc phrong hréng
giai, ta co tie chuyen bai toanw tinh the kho ben doi ve trang thai & bién doi hon. Phrong phap trén @ la phrong
phépdoi bién.

=

1 1 1
(ﬂ £a+ b brc o

C a b .3

Bai 1: Ching minh &ng:

b+c=x>0
pat: {C+a=y>0 < a=Y 2 X b= 2 X y XY
2 2 2

a+b=2z>0

Khi d6 bit dang thrc da cho trong duong Wi bat ding thic sau:

BEE N R T FR
2X 2y 27 2]l x y Ux z 2 2

Bat dang thic trén hén nhiénding, THit vay 4p ding BDT Cési ta co:

VT > 2\/¥.l‘+2\/__ \/_y_z_ 2+ 24 2 ¢
X'y X z y

Diu“="xayrac>x=y=zoa=b=c
2
Bai 2: ChoAABC. Ching minh &ng: Q. b* + c >a+b+c
b+tc-a c+tab a b C
b+c—a= x>0
pat: {C+a-b=y>0 < a:yJZFZ, b= Z; X, c= X;>

a+b-c=20
Khi d6 bit dang thrc da cho trong duong Wi bat ding thic sau:

2 2 2
(nyZ) N (Zzyﬁ N (X;Zy > Xt y+ 2

Tace: VT2 = Y% + 24 lyzl[_)’ﬁjj(+}( Zx j ( XZJ
X y z 2 X Yy 2 y Z

CiSI\/yZ ZX \/ ZX xy yZ ZXY X+ Y+ Z

=

(@)

X'y y z X'

Bai 3: ChoAABC.CMR:(b+c—-a).(c+a-b).(a+b}<cabc (1)
b+c—a= x>0

pat: {C+a-b=y>0 < a_yJZFZ, b= Z; X; G X;>.

a+b-c=z>0
Xty Yy+2z & >
2 2 2

Khi d6 ta c6 BT (1) tuongduong Wi bt dang thic sau: Xyz<
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Ap dung BDT Cosi ta cé:X+ y. y* Z. Z-; )& \/X_y.\/VZx/_Z = XY. (dpcm)

2 2
Bai 4: ChoAABC. CMR: 1 5+ 1 5+ 1 52 P 1)
(=& (p-b)° (p-9"  (P-a)(P-B(p-g
p-a= x>0

pat: { p—b=y>0 thi ) %+i2+?];_ X")‘(yz"‘ A
p-c=2z>0 y y

(2)

Ta co:

i1 1) 11 1,111 1 11 1111
=D S+ S == == 2 ==+ [— —
VT (2) 2(X2+YZJ+2( y2+ ZZJJF 2( )€+ ZJ 2 \/ % }f\/ )2/ 2+\/ % 2

1 1 1 x+y+z
+—+==

Xy yz X XyZz
Diu“="xayrac x =y = z& a=b = 6= A ABC déu.
. ) 1 1 1
Bai 5: Chiing minh &ing réu a, b, ¢ > 0 va abc = 1 thi= + + <1
g g 2+a 2+b 2+c
Giai

Bét dang thic d& cho trong duong V6i:
1 1 1 a b C
— +1- +1- >l >
2+a 2+b 2+C 2+a 2+b 2+c

X
thoadiéu kien ab.c= V >Z/ X_ 1. Bit dang thrc da cho trong duong VGi:

bit a= b:l/;c:
Z

X. Z.
y X
X Y Z_ >
X+2y y+2 z Z 2 X

Ap dung bit ding thrc Bunhiacopski ta co:

(x(x+2y)+ w22+ ¢ 22 »(X+X2y+ y+y22+ Z-|-22>JZ( X ¥y )%

( X y z)J (x+y+z)2 (x+w3
+ + >
X+2y y+2z z2 (x(x+2y)+y(y+22)+ }2» (X+y+ z)

3.9. MOT SO BAI T AP VAN DUNG
Ky thuat chen diém roi va danh gia tir TBC sang TBN:

3.9.1 Cho a> 6. Tim gia tf nho nhit cua béu thic S= & +1—8
Ja
1 1
3.9.2 Cho 0 < & > Tim gia ti nho nht cua biéu thic S= 2a+a—
a,b>0 )
3.9.3 ho . Tim gia ti nho nhit coa S= ab+i
a+b<1 ab
a,bc>0 _ : 1
3.9.4 ho . Tim gia ti nho nhit cia S= abcr ——
a+b+c<1 abc
3.95 Cho a, b > 0. Tim gi&itnho nhit cia biéu thic S= ?/—i__tt)) a+ll:2))
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a,b,c>0 11 1
3.9.6 Cho 3. Tim gia ti nho nhat coa S= a+ b+ G- =+—=+=
a+b+ C<§ a b c
a,b,c>0 11 1
3.9.7 Cho 3.Timgiatint nhit cia S= &+ B+ C+=+=+=
a+b+ c<3 a b c

3.9.8 Cho a, b, ¢, d > 0. Tim gié tnho nhit cua biéu thic:

v B

a,b,c>0 o 1 1 1 2 2 2
3.9.10 h Chir h éng: S=—+ —+-——>81
° {a+ b+c<1 ng minn &ng a? c2 abJr 9 ca
2 2
3.9.11 ho {a’ b,c>0 Ching minh &ng: S—1+£+ c += 1 + 1+ ](':> 28

a+b+c<l b ¢c a a b

K§ thuat chen diém roi va danh gia tir TBN sang TBC:
1 (a+ b)(1-ab) 1

3.9.12 CMR: - <=
2” (1+a )(1+ b2) 2
3.9.13 Cho {Z’fi)(fco:l Chiang minh éng ab+ bc+ ca- ab&%

a,b,c>0
a+b+c=1
K§ thuat chen diém roi va nhan thém hing $ trong danh gia tir TBN sang TBC

3.9.14 Cho{ Ching minh éing 16abc< a+ k

a=>3
3915 Cholb>4 Tim Max S= abyc-2+ b(‘;/;z—3+ ca b4
c=>2
(x+ y+ z)6

3.9.16 Cho x,y, z>0. Tim Min f(x, y, z) =

T Xy Z

3.9.17 Ching minh &ng: \/_<1+i D VvV KneN

3.9.18  Ching minh &ng:S= 1+,/2+ ‘/ RS | n:{ 1< 1
. n n+1
3.9.19  (Goiy: CMR 1z )

3.9.20 ho a,b,c,d>0 TimMax S=+va+b+c+Vb+ o+ d+V & o+ av & a
a+b+c+d=1
3.9.21 Cho{a’b’c’d>0 TimMax S=%¥2a+ b+32br c+d2e drI2d

a+b+c+d=1

bc/a-2+ cal b-6+ alf e 12

abc

3.9.22  Choa>2, b>6:c>12. TimMin S=

K§ thuat ghép cip nghich dao cho 36, n

a,b,c>0 1 1 1 9
. > =
a+b+c=1 CMR: a+b+ b+ c+ c-a 2

3.9.23 Cho{
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a,b,c>0 o+, 11
a+b+c<1 "a+2bc bBP+2ca é+2ab

3.9.25 Cho tam giac ABC, M thic mién trong tam giac. @ MA, MB, MC thur tu giao \6i BC, AC, AB tai
D, E, F. Clitng minh:

3.9.24 Cho{

MD ME_MF_, , MA MB _MC_, MA MB MC_
"oaEB T Fe Y DAt ERTECZ Ovp P ME T WME S
MA MB MC DA EB FC MD ME MF

>
IV MEMESS  Owatwme MeS Y% "wmaTmB mcY?

5. MQT SO UNG DUNG KHAC C UA BAT PANG THUC
Ap dung BPT dé giai phwong trinh va hé phwong trinh
Bai1: Giai phuong trinh /X +/y—1++z— =%(X—|— W 2

Giai
Piéu kién : x>0, y> 1, z> 2. Ap ding hit dang thic Cési cho haiékhdng am ta co:

\/* \/_1 X+1
Jy—1=J(y—1)-1s

Vz-2=[(z-2).1< (Z_§)+1: z;l

Suyra: &+‘/y—1+\/z—2£%( X+ Y-
x=1 x=1
DAu “=" xay ra khi va chkhi {y-1=1<y=2.
z-2=1 z=3
Vay phuong trinh ¢é nghéim (x, y, z) = (1; 2; 3)

Bai 22 Giai phuong trinh: 6/1— X? +\A/l+ NG +<1/1+ X=3

Giai
biéu kién: -1< x < 1. Ap ding kit dang thic C6-si ta co:

Y1-x2 = JN1- xa/ 1+ xgm;m (1

(y-D+1
2

Y- x=y/1-x .15—“1_2)”1 (
Y1+ X =yV1+ x .13—“1+2X+1 (

cong (1), (2), 3) tatwoe:  Y1—X2 + 41— X+ 41+ X< HVE x+J F x
Mt khac, hi theo kit dang thic Cdsi ta c:

VX = A 1< L0+ 22X 2ox 2
2 2 o 1Tx+Trxs LR A X
JTEx = [T x) i< @A+x)+1_ 2+x 2 2
2 2

Tir (4) va (5) suy ra:y1— X2 + Y1+ X+§ 1+ X< &
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V1I-X=+1+ X

DAu “=" xay ra khi va chikhi:{1-X=1 < x=0
1+x=1

Vay phuong trinh ¢ ngléim duy ntit x = 0

Bai3: Giai phuong trinh: X2+ X—1++/x— X +1= X— %+ 2 (1)
Giai
e+ 1< (C+x-1)+1 »X+ X
Ap dung kit ding thic Co-si, ta c6 22 2
NP (X=x+D)+1 x—¥X+2
B 2 2
= I+ Xx=1+Vx= R+1< x+1 2)

Két hop (1) va (2) ta cox®* —x+2< Xx+1< (x-1)* <0 x=1.
Thir lai ta ¢6 x = 1 1a ngiéim duy nhit cua phrong trinh

(x=1Jy+ (Y- x=4/2xy

Bai 4: Giai hé phuong trinh:
XJy—1+ W x-1= xy

Giai
Diéu kien: x> 1, y> 1. Ap ding kit dang thrc C6-si, ta co:

Ix=1=/1.(x- 1)3%)(_1):12(: W X Js%’ (L)

Tuong t: Jy-lg%: x/y—lsx—zy (2)
cong (1), (2) tatuge X y—1+ W Xx—1< xy.

y-1=1

Thir lai thdy: x = y = 2 ding thba man plrong trinh thir nhat cuia h
Vay hé c6 nghém duy nfit (2;2)

Déu “ =" xay ra khi véclhkhi{ S X=Yy=2.

X=5 %ty

Lt

Bai 5: Cho $ nguyén n >1. Gi hé phuong trinh: X2_2 % X,
1 1

=5 Xﬁzj

0}

iai
Tir hé d& cho suy rax X,, ... , % la cing du. Gi sir x; > 0 Wi moi i. Ap dung it dang thic Co-si, ta c6:

X, :%[)(2+le >1.Tuong t: X, > 1 V6i moi i.

Cong n phrong trinh @a ke theo ting W ta duoc: X+X+..+X =l+i+ +—1
X% X
Vix >1nénx zivé’i moi i, suy ra: X + X, +...+ X Zi+i+...+—1
X X X% X,

7
Apy —m

Dau “=" xay ra khi va chikhix;= %=...= =1
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2% _
e Y
2y*
1+y? z
272 _

1+2°

Bai 6: Giai hé phuong trinh:

Giai
R® rang k c6 nghém x =y = z = 0. \éi x,y,z = 0, tr hé d4 cho suy ra x>0, y>0, z>0. Amiulg kit dang thic Co-si, ta
co:

x> _2¢
1+ X2 > 2X= y= <2 =
y 1+x* "~ 2X
2y? \ 27
Tuong = <Yy va X= < Z
an 1+ y? y 1+ 7
Vay : y<x<z<y,suyrax=y=z.
Thay y = x vao phong trinh thir nhat taduoc:
2
2—X2:x<32x:1+ ¥ x=1(vix> 0
1+x

Vay h¢ co hai nghim (x, y, z) ={(0; 0; 0) ; (1; 1; 1)}

Bai 7: Tim $ nguyén dong n va cac&duong a= &= ... = & thoa caadiéu kién
a+a+..+ag= 2 (
i+i+....+—1: (2

a g

Lay (1) ong (2) \é theo &, tadu'c)'c:[a1 +é}+[az-l-glj—i-..+(aﬂ +—1j =4

) L 1
Ap dung bit dang thic Co-si, ta c6:8, +—2=2 véii=1,2,...,n

Suy ra 4> 2n hay r< 2:

a=2 a+8,=2
Véin=1. kR 1_2 vd nghém; \Win=2:k i_i_i_zcénghémal:az:l
a a 4

Vay:n=2vaa=a=1

Sauday < la mgt sb bai tap tuong tu gitip hec sinh 6n luyén kién thic
BAI T AP PE HQC SINH VAN DUNG
1. Giai cac phrong trinh sau:
a) (C+D(y+2)(Z+ 8= 32xyz (x,y,2 C
b) X++2-¥ = 4y*+ 4dy+
16 4 1225
C + +
) Yx-3 Jy-1 z-665
d) x+1, A(y-1Ry-1+4_ 10
o Jy-y
2. Giai phwong trinh:
a) VX1t x-3=2(x 3+ X 2
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b X y z 3
) + + ==
2X+Yy+2Z 2W H X 2Z % Yy 4
2x?
e Y
+ X
. 3y?
3. Giai hé phwong trinh; {—————=7
*P g 1+y*+y*
47 .
1+22+ 2+ 2
4. Xacdinh sb nguyén drong n va cac 8 dwong X, %, ..., % thoa:
X, +X, o+ X, =9
l+i+...+—1:1
X, X, X,
. . X+ y+z=1
5. Giai hé phuwong trinh: 4
X'+ Y+ Z = Xy:
n+k
JIHX 1+ X+ i B % = N ——
- . n
6. Giai hé phuwong trinh: 7
n_
1-X +1-X + .44 % =nl——
=X =X+ T -
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KY THUAT SU DUNG
AT DPANG THUC CO-SI

Bién san ngi dung:
Thay Nguyén Cao Geong

Tel: 0904.15.16.50

(Tai ligu lwu hanh ngi bg)




1. NHUNG QUY TAC CHUNG TRONG CHUNG MINH B AT PANG THUC SU
DUNG BAT PANG THUC CO S|

Quy tic song hanh hiu hét cac BBT déu c6 tinhddi xtiing dod6 viéc s dung cac cling minh nét cach song
hanh, tén ty s gidp ta hinh dung rauqc két gua nhanh chéng vdinh hréng cach dgi nhanh lon.

Quy tic diu bang: du bing “ = ” trong BDT I rit quan tong. N6 gidp ta Km tra tinhding dén cia ching
minh. N&dinh hréng cho ta phiong phap gii, dua vaodiém roi cuia BDT. Chinh vi vy ma khi ¢y cho hyc sinh ta
ren luyn cho hyc sinh c6 théi quen timdiéu kién xay ra diu bing mic di trong céac ki thidt sinh co th khodng trinh
bay phin nay. Ta thy duoc uu diém aia diu bing dac biét trong phrong phapdiém roi va phrong phap tach ndgbh
dao trong K thuat sir dung BDT C6 Si.

Quy tic Vé tinh ddng thoi cia dau bing: khéng cli hoc sinh ma ngayamot b gido vién khi néi nghién
cau va chiing minh BDT ciing throng At hay miic sai hm nay. Ap aing lién tép haic song hanh caciBl nhung
khong chi ydén diém roi cua diu bing. Mot nguyén dc khi ap ding song hanh cacBT 1a diém roi phai dugc dong
thoi xay ra, nghia 1a cac du “ = ” phai dugc clingdugc thoa man i cling not diéu kién cia bién.

Quy tic bién Co sv cia quy ¢ bién nay la cac bai toan quyash tuyén tinh, cac bai toarbit uu, cac bai
toan arc tri codiéu kién rang bac, gia ti I6n nhit nho nhit cia ham nkéu bién trén ndt mién dong. Ta bit rang cac
gia ti 16n nhit, nho nhit thudong xay rad cac \ tri bién va cadinh rim trén bién.

Quy tic dbi xirng: cac BDT thuong cé tinhddi xung Vay thi vai trd @a cac bin trong BDT 1a nhr nhau do
d6 diu “ = ” thuong »ay ra &i vi tri cac bén d6 bing nhau. Nu bai toan c6 #n hé diéu kién dbi xing thi ta co th chi
ra diu “ = ” xay ra khi cac n bing nhau va mang éhgia tii cu thé.

Chiéu cia BBT : “ >, “ <” ciing & gilp tadinh hréng dugc cach cling minh:danh giair TBC sang TBN va ngyc
lai

Trén la 5 quyic $ gilp ta c&dinh hréng dé ching minh BDT, hoc sinh & thuc sy hiéu duoc cac quy#c trén qua cac
vi du va binh ldn ¢ phan sau.

2. BAT PANG THUC cO s

(CAUCHY)
1. Dang téng quat (N D): VXq, Xo, X3 vvvee... X, > 0 ta co:
+ X, +......
. Dang1 2 in X"zn\/xlxz .......... X

o Dang2: X+ Xt Xy 2 NIX Xoernnen, X

. DanQS:()(l+X2:]_ """ )%J 2 X Xeerrrnnnnn X,
Dau “ = " xay ra khi va chkhi: X = X, =............ =X
Hé qua 1:
. _ & e~one i _ _(SY
Néu: X+ %+t X, = S= CONE thi:  MaX(P=XXyoueovnn, &)_(nj
i = = = —§
khi X=X =1cuinniis %= N
Hé qua 2
N[STHEDA A %, = P= cons thi: Min(S=x1+ ) XZ)= P
Khi X = X = e =% =P
2. Dangmthé (29, 39):
n=2:V x, y> 0 khido: n=3:V XYy, z> 0 khido:
2.1 XLZyZ\/X—y )H_Ty—i_ZZZB)(yZ
2.2 X+ y>2,/xy X+ Y+ 2> 3 3 xy:
2 3
Xty S Xt y+2)
2.3 ( > j_xy ( 3 j_xyz
2.4 (x+y)’ > 4xy (x+y+ 2’ > 27 xy:

Kj thudt sik dung Bit diing thiecc CO-Si 2




25 1+é>_4 1+i+_1>—9

' X Yy Xty X Yy Z X Wz

5 @ Ls_ 4 1, 4

' Xy (X+y)’ XYz~ (x+y+ 2’
Binh luan:

e Dé hoc sinh & nhg, ta noi: Trung binhang (TBC)> Trung binh nhan (TBN).
e Dang 2 va dng 3 khidat canh nhau c6 & tim thuong nhing i giGp ta ntn dang khi sr dung BT C6 Si: (3
danh giatr TBN sang TBC khi khdng c&ain thic.

3. CAC KY THUAT SU DUNG
3.1Panh gia tir trung binh cong sang trung binh nhan.

Dbéanh gia r TBC sang TBN latanh gia BT theo chéu “ > ”. Banh giair tong sang tich.

Bai 1: Ching minh &ng: (a2+ bz)(b2+ CZ)( C+ a2)28 &by ¢ va,b,c
Giai

Sai lAm thwong gip:
S dung: V x, y thi ¥ - 2xy + ¥ = (x-yf> 0o X% +y* > 2xy. Dodo:

a’+b?>2ab
b*+c?>2bc :(a2+b2)(b2+ cz)(cz+ a2)28a2tfé vV ab (sa)
c’+a’>2ca
2>-2
Vidy: <3>-5 = 24= 2.3.4(-2)(-5).3=30 (Sai)
4> 3
L oi giai @ung:

Sir dyng BBT C6 Si: X+ Yy >2,/X°Y* = 2[xy| taco:
a’+b*>2/ah>0
0+ ¢ > 2)bd> 0. (a%+ 1F) P+ &) O+ )28 #55 d-8 & B &V a bwing
c’+a’>2[cg>0

Binh luin:

e  Chinhan cac & cua BBT cliing chéu ( két qua duoc BDT cling chéu) khi va chi khi cac ¥ cing khéng am.

e Cinchayng: ¥+y >2X*y* = 2|xy| vix,ykhong bt am hay dong.

e N6i chung ta it gp bai todn & dung ngay BDT C6 Si nhr bai toan néi trén ma phqua mot va phép kin doi
dén tinh hwéng thich kyp roi méi sir dung BDT C06 Si.

e  Trong bai toan trénéh “ > " = danh gid & TBC sang TBN. 8 = 2.2.20§y dén viéc ar dung bit ding thic
Césicho 26, 3 ap 9.

8
Bai 2 : Chrng minh &ng: (\/5.+\/B) >64ab(at+ B vab>0
Giai

(x/5+x/5)8={(\/3+\/_b)2}4=[(a+ l)+2\/_aq4 £ [2/2( & ;tx/_a%f: 2.2.ap a )b-

= 64ab(a+ by
Bai 3: Ching minh éng: (1 + a + b)(a+ b + ab)9ab V a, b> 0.
Giai

Taco: (L+a+b)a+b+ap)3¥lab. 3¥abab= %al

Binh luan:
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e 9=23.3 @iy sirdung Cosi cho bads 2 cip. Mdi bién a, bdugc xuit hién ba kn, vay khi sr dung Cd Si cho bads
& khur dugc cin thirc cho céc kin do.

Bai 4: Cheng minh &ng: 34+ 76> 9alf V a, b> 0

®

1al

cosi
Taco: 33+ 75> 38+ 65 =33+ 36+ 35 > FN3Pachs = 9a

Binh luén:

e 9alf = 9.a.b.b= goi y dén viéc tach hng tir 7k’ thanh hai bng tir chira B dé khi &p ding BPT Cosi ta c6 h
Khi da cédinh hréng nhr trén thi véc tach cac &6 khéng c6 gi kho kin.

a,b,c,d>0 1
Bai5 Cho:{ 1 1 1 1 CMR: abcd SQ

>
1+a+1+bJr 1+ cJr 1+ d_3

9]

i4i
Tir gia thiét suy ra:

1 1 1 1\_ b C d cosi bcd -
1+a2[1 1+bj+(1‘mj+(1‘ mn d]_ b ro kd- 3f/(1+|o)(1+c)(1+ a
1 bcd
1l+a (1+b)(1+c)(1+d

1 cda >0
1+b (1+c)(1+ d)(1+ @ - 1

1 dca N :(
1+c (1+d)(1+c)(1+a)

1 S abc S
S ig

\%

3

)ZO

\Y

¢<L_<L

’ > 81 abad
1+a)(l+b)(+ (- d) (- a(HBH(F ¢ % d

\%

3

1+d

W

abcd gi

81
Bai toan tng quat 1:

Cho:y 1 1 1 .........+—12n—1

1+><l+1+><2+1+x;r 1+ X

Binh luan:

CMR: XX X%...c...... X<

(n-1)°

e D4i véi nhitng bai toan cdtiéu kién 1a cac bu thic déi xang aia bén thi viéc bién déi diéu kien mang tinhdi
xtang € gitp ta xr li cac bai toan aimg minh BDT dé dang lon

a,b,c>0 11 a1 o,
Ba|6.Cho{a+b+C:1 CMR'(E ]}(B 9(;’ %Z ()

Gidi
A iobh 1 Cosi
VT(1)=1 al-bl-c_b+ccraar b 2J_bqZJ_cq2J_atlJ=8(dpcm)
a b ¢ a b C a b C

Bai toan #ng quat 2:
Cho;{xv o Xy %20 ur: (i_ J(i_ 1][_1_]} ....... [_1_ ﬂz(n_j;“
X+ X+ X+t X=1 X X, X X
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. a+tb+c)l
Bai 7: CMR: (1+—J 2(1+ a)(1+ b)(

IVN

(H%’_(;>8J_cv ahe (

iai

3 .
Ta co: (1+ a+b+ Cj = (i a)+(1+ b)+(l 9 CESI (1+ a)(1+ b)(l+ C) 1)

3

®
w

3 3
Ta c6: (1+a)(1+b)(1+ c)=[1+(ab+ ber ca+( & b pr al%(

o 3
C§S (1+ FNazh?c? + ¥ aber abgc:(1+ 3 ab): )
3 Cosi 3
Ta co: (1+ 3 abc) < (2\/1\37. abcj =8/ abc 3)
Diu“="(1)xayrac> l+a=1+b=1+e>a=b=c

Déu
Diu “ =" (3) xay rac> yabC=1< abc = 1
Bai toan #ng quat 3:

"(2)xayracc>ab=bc=cavaa=b=ea=b=c

Cho X, X2, X3y.v..... , %> 0. CMR:
n 1)
X+ Xt %)
(1+ . 2(1+xl)(1+x2) ..... (T >g) (H XX ) > 2 [ X% .....XBinh
luin:
e  Bai toan éng quat trén tiong duoc Sr dung cho 3 6, &p ding cho cac bai toaré\BPT luong giac trong ta
giac sau nay.

e Trong cac bai toan cdiéu kién rang bic viéc xir li cacdiéu kien mang tinhddng b vadéi xing la ét qua
trong, gitp tadinh heéng dugc huéng chrng minh BDT ddng hay sai.

Trong véc danh giatr TBC sang TBN c6 6t ky thuat nho haydugc sr dung. b6 la K thuat tach nglich dao.

3.2 Ky thuat tach nghich dao.
a, b

Bai 1: CMR: b >2 VYab> (O
Ta co: E —b g 21/ b

a2+2

Bai 2: CMR: >2 VYaeR
var+1l
a’+2 (a +1)+1 C03| \/

Ta co: =vaz+1l+ 2 Ja2+1
Jaz+1l  Jai+1 \/a +1 Ja +1
DAu “ =" xay rac> va +1= s at+l=1a=0
) : \/a +1

Bai 3: CMR: a+L23 Ya>b>0

b(a— b)

Ta c6 nlan xét: b + a — b = a khdng plthudc vao bén bdo d6 hang tir diu a $ du-o-c phén tich nh sau:
C05|
ar L _br(a-b+ J ba Bt -3Va b
b( afg té b

b(a-b)
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DAu “ =" xay ra< b=(a—b):ﬁc>a:2vab:1.
4

Bai4:CMR: a+ =3 Va>b>C (1)
(a— b)( b+1)

Vi hang tir dau chi c6 a @n phai thém ot ¢é técGﬁ;]anh cacang tr sau khi & dung BDT s3 rdt gon cho cac
thira  dusi mau. Tuy nhién tiu thic deéi mau c6 ding (a— b)( b+1)2(thira % thar nhat 1 mot da thirc bac nht b,
thra $ 2 la nt thic bic hai @ia b) dod6 ta phii phan tich ¢ thanh tich ¢a cacda thic bic nhit ddi véi b, khi dé ta
co the tdch lang tr a thanhdng cac kng tr la cac thra $ cia mau.
Vay ta co:(a— b)( b+1)2 = (a- b)(b + 1)( b + 13> ta phan tich a theo 2 cach sau:

2a+2=2(@-b)+(b+1)+(b+1)dooa +1 (a b) b+1 bzl
Tir d6 ta co(1) twong duong :
4 b+1 b+1 4
VT +1=a+1+ =(a-b)+ + n
(a—b)(b+1)2 ( ) 2 2 (a—b)(b+1)(b+1)
Cgsi b+l b+1 4
> b : =4
i/(a A T
1
az=
Bai 5 CMR ﬂz:% i 2
4db(a—-b a_q
b

Giai
Nhan xét: Dréi mau s b(a-b) ta nAn thiy b + (a — b ) = a. Chién ddi tit ca biéu thic sang kin a la 1diéu
mong mn vi viéc ar Ii véi 1 bién s don gian hon. Bién tich thanhdng thiday 1a mdt mat manh aia BDT Cési. Do
dé:
b+ ( a— b) a2

Ta c6danh gia ¢ mau s nhu sau:4b(a— b)S 4 — 5 [T 4j= &

2a8+ 1 cosi 213+1 a3+a3+1 Cosi 1
> — - >
Vay: b(a-b) 5 a+a+ > 3@/

b=a-b a:1
Dau “ =" xay rac o
a:é b_

N I

Binh luan:

e  Trong vic xir li miu & tada sr dung 1 k§ thuat d6 ladanh gia r TBN sang TBC nim lam trét tiéu bén b.
e D4i véi phan thic thi viéc danh gia riu s, haic tir 6 tir TBN sang TBC hay ngyc lai phai phu thuoc vao du
cua BDT.

Bai 6: Bai toan #ng quat 1.

Cho: X > X, > X, > ..o, x> Ovad ke Z cvr:
1 (n-1)k+2

al+ k k 2 (n—ljk+2 K
a(a-a)(a-a) ... o (a .- a) T
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VT=8,+(a-a)+(a-a)+..+(a ,— a)+

:an+(a1_az)+..+(al_a2)+..+(a”‘l_a")+...+(a'”_a’)+ - 1 - -
k . K K y K__ a(a-a)(a-a)- (a4
(a-a) (a-a) (a.-a) (3.—a) 1
>[(n-)k+2](n1k:7a C kK K aaaf(a- (e d
k k
_(n-)k+2

B [n—1)k+2/—k[n_1)k
Tom lgi: Trong ¥ thudt tach ngtich dao k9 thugt cin tach pkin nguyén theo du 5 d@é khi chuyn sang TBN thi cac
phan chra bien by triét tiéu ch con ki hang 9. . )

Tuy nhién trong kthuit tach nglich dao doi véi bai toan cdadiéu kién rang bwc cia dn thi viéc tach ngbch dao
hoc sinh throng b mac sai bm Mot kp thugt thueong duoc sr dung trong K thudt tach nglich dao, danh gia & TBN
sang TBC la kthudt chon diém roi.

3.3 Ky thuat chon diem roi

Trong ky thuat chon diém roi, viéc ar dung diu “ = " trong BDT Cosi va cac quyat Ve tinh dong thdi cia diu
=", quy tic bién va quyic ddi xung € dugc sr dung dé tim diém roi cua bién.

_ , . 1
Bai 1: Cho a> 2 . Tim gia tr nho nhit (GTNN) aia S= a+5
Giai
- R : 1 1
Sai Am thudng gap cia hoc sinh: S= a+5 > 2 aa =2

7
Apg &

DAu “ =" xay rac a:a@ a=1=vo i vi g thiét 1a a> 2.
Céach lamaung:
Ta chpn diém roi: ta phai tach hang tr a hdic hang tr adé sao cho khi apuhg BDT Cési diu “ = " xay ra khi a = 2.

C6 céc hinh tinc tach sau:

la;ij ) Ching han ta clon s d6 diem roi (1):
a a (so do diem roi (2), (3), (4) lc sinh tr lam)
1
( 1) aa,aj (2) la_ 2
a=|= —a=—
'a 1 o o — 2 :1‘ =>a=4
a— 3
aaj @ 1_1 a 2
o a 2
a— 4
(25 @
Vay ta co: S=%+%+3Za2 %—;+%a21+%2:§2. Diu “="xay rac a =2,
Binh luan:
e  Tasrdungdiéu kign diu “ =" vadiém roi 1a a = 2 dra trén quyac biéndé tim rao = 4.

e O day ta thy tinh dong thoi cua diu “ = ” trong viéc &p ding BDT Cosi cho 2 & %,% va %?'dat gia ti lon

nhét khi a = 2, @ic 1a ching c6 cundiém roi la a = 2.
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Bai 2: Cho a> 2. Tim gia tf nho nhit cua béu thac: S= a+%

a_z2
p PR a o 2 1
So @6 chon diém roi: -m: - === —=5u=8
' 1 1 a 4
az 4

Sai lam thwong gap:
1 (a 1) a ,al 7@a 2 @& 2 712 2 7 .9
> —_—t =4+ 4+ = 1 = = —
S= at— (8+a2j+8_2/8. -t \/_+ 8_x/8_.2+ 3 424 = MinS =7

Nguyén nhan saiim:
Mic du clon diém roi a = 2 va MinS =1 la dap $ ding nhing cach gii trénda mic sai Am trong véc danh gia riu

2

s6: Néu a> 2 thi —— \/_ \/—2 Ia danh gia sai.

bé thyuc hign 1oi giai dung ta én phai ket hop véi ky thuat tach nglich dao, phii bién d6i S sao cho sau khirsdung
BDT Cési € khir hét bién & ag mau .

e ol 1aa1 6a00SI aa16a 6@
L &i giai dang: S_a+a [8 8 j 3 33888.2 3 4 5= 21‘- 8

Véi a = 2 thi Min S:%

a,b,c>0

Bai 3: Cho 3. Tim gia ti nho nhit cia S= a+ b+ cr

<2
a+b+c< 5

11,1

a b c
‘ Gii

Sai lam thwong gap:

S=at+ b+ o+= +1+ 1>6,6/ab(:—:L 1—1—6:MinS:6
a b c abc
Nguyé&n nhan sahin :
1

Min S =6< a=b= czlz_:
a b

UI

=1 = a+ b+ c=3>g trai Wi giai thiét.

Ol

Phéan tich va tim toi bi giai:

Do S la nét bidu thic dbi xing Wi a, b, ¢ nén d doan MinSdat tai diém roi a= b= C=%
1
So @b diém roi: a=b= C=%:> i:i:2_12_23%=§ = a=4
aa ab ac «a
Hoic ta c6 & do diém roi sau:
a=ab=ac=%
1 |“ 2 a 1 2
a=b=c=3 =2 =4 === = a=4
22 1:}:_1:2 :>2 — 4 22 o o
a b c
Vay ta co céchgithe0$>662nh1 sau:
S(A%4m4m an+n¢>ﬁ4anmé———@a-b)
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3 15 1 15
> = —_ —_
12- 3. 5= Vi a=b= C== thiMins = >

2

a,b,c>0 1 1
Bai 4: Cho a+b+c<:—; Tim GTNN @ia S= \/a2+b2 \/B+F+\/é+?

®

| v

idi
Sai lAm thwong gip:

SRR Bl G

z&j{z\/azlﬂ ble ] Y8 37 - Mins=3/2,

Nguyén nhan saidm:

1

Mins =3J2 & a=b=c= b

Phéan tich va tim toi b giai

=1 = a+ bt C:3>§ trai v6i gia thiét.

O||—\

Do S la nét bidu thic dbi xing Wi a, b, ¢ nén d doan MinSdat tai &= b= C=%
1
@=p=c=1
4 = 1=£ = a=16
1 1 1 _ﬂ 4 o
ad®> ab? ac «o
L oi giai

, 1 1 1 1 1 1
>\/1710/a 16~ 1ag * \/quzW et \/ 1{%6 & TlE

16 16

B a’ / b? | & 4 a J b J c

_\/171 1616b32 \/171 616 32 \/11 1616 2= 1{\7/ 168[)16+j 16£>C16+\7/ 16a 1%
/ 3J17

>\/_7[3§/\/168b16 \7/168016\7/16%16] 3317 163a50 c® 2\/ 2a202c

N 3J17 _, 3/17 Déu* = " xay ra khi A= b= C=%:>Min8=£7
5 l{/[ 2a+ 2+ 2cj 2 5
W o3

Binh luan:

e Viéc chpn diém roi cho bai toan tréda gai quyét mot cachdingdin vémat toan ke nhrng cach lam trénibng
déi cong kénh. Néu chang ta &pwhg viéc chpn diém roi cho BDT Bunhiacopski thi bai toaré sihanh gn hon
dep hon.

e  Trong bai toan trén ching ¢a ding ndt ky thuit danh gid i TBN sang TBC, cliu cia diu cia BDT khong cli
phu thusc vao chéu danh gia ma né con phhudc vao béu thirc danh gia Bm & mau s hayo tir s

Bai 5: Cho a, b, ¢, d > 0. Tim gi& mho nhit caa biéu thic:
__a . b L c d +b+c+d+erd+qkachaglrab
b+tc+d c+d+a abd ab c a b C d
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Sai lAim 1 thwong gip:

a b+ c+ d a bred_
brcrd 22\/b+ ccd a =2
3 +c+(3)+a22\/ (tj)+ .c+<i+a:2
c+d+a b q Ct a b g = S>2+2+2+2=8
c a+ b+ ar 3
arb+d _2\/a+b+d ¢ 2
d a+b+c a br c
atbrc. _2\/a+b+c d =2
Sai lAm 2 thm‘rng gip:
Sir dung BDT Cési cho 8 &:
S>8§/ b Cc d b+c+derd+aabdab28
~“ \b+c+d c+rd+aa b dab c a | b - c d
Nguyén nhan saidm:
a=b+c+d
Min S = 8 b:C+d+a:a+b+c+d—3(a+b+c+d§l—3: V6 Iy
- c=d+a+hb - - v
d=a+b+c

Phan tich va tim toi bi giai 7 ) ) 7

bé tim Min S ta @n chi y S 1a rét bieu thrc doi xing wi a, b, ¢, d daié Min S réu co throng dat tai “diem roi ty

do”la:a=b=c=d>0.(n6i Bém roi ty do vi a, b, ¢, d khéng mangdbhgia ti cu thé). Vay tachoteéca=b =c
=ddrdoan Min S = g+12:4—30. Tur d6 suy ra cadanh gia éa cac BT bo phan phai c6 diéu kign diu bing

xay ra la ap con @adiéu kién dy dodn: a=b=c=d>0.
Ta co 9 do diemroi: Choa=b=c=d > 0taco:

a _ b ¢ d 1
btc+d c+d+ta ab d a b c3 1_3 _
b+tc+d_crdra a b d ab c3 - 37 = a=9
a b C a

d
Cach 1: & dung BDT Cési ta c6:

_ a b+ c+d 8 b+ c+ d
S_a,§,d£b+c+ d 9a j Z 9 9a

a,b,c

>8§/ b Cc d bterded aab da b
_b+c+d'c+d+a'a+brd&bb9a'9b'9c'9d
8(bcdcdaabd a, CJ

9 a+a+a+b+ b+b+ C+ +C+ d +d

8 8 \{bcdcdaabdabj 8 8 4Q
"3

+

>3t aaabbbecccdd. 12=—3

Véia=b=c=d>0thi Min S =40/3.

3.4 Ky thuat danh gia tir trung binh nhan (TBN) sang trung binh éng (TBC)

Néu nhr danh gla ir TBC sang TBN l&anh gia wi ddu “ >”, danh gia ir téng sang tich, Bu ném na la thaycﬁJ
+”bang diu “ . " thi nguoc lai danh gia tr TBN sang trung bmh,oog la thay du bang‘dau ‘+". Vaciing a@in
phadi cha y Iém sao khi bn tich thanhdng, thi tng ding phii triét tiéu ket bien, chi cc‘)n bi hang .

Bai1:CMR Jab+ycd<(ar 9(b- d Vabed O
Giai
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(1)@\/ a+c b+ d \/( C(dbl— C)_l Theo BDT Cosi ta co:

1( a b 1( c d ) fac bad 1 B
VTSE(—a+c+mj+§[?c+FdJ—‘z[TéT =L+ 3)= Lgpem)

Binh luan:

e Néu giir nguyén ¢ trai thi khi bén tich thanhdng ta khong té triét tiéu an $ = ta c6 phép Bn déi tuong
duong (l) saudd6 bién tich thanhdng ta § duoc cac phan tic c6 cung riu 5.
e Dau*“<"goiy cho tagu sr dung BDT Cési thi ta phi danh giair TBN sang TBC

a>c>0
b>c>0
Giai

[c(a- lc(b-
Ta ¢ () twong duong Wi : C(Zb C) + C( D C) <

Theo BDT Cosi ta co:

BMZCMRan—q+qu—QSJEbV{ 1)

cla-9 _ [e(b-9 _1({c (a9 1fc (P-9|_ 1(a, b)_
"ab "Va 2 a2 &a b ﬁ(‘?&‘“ﬁmm)
Bai 3: CMR 1+\/ﬁ<\/( g(+b(+ 9 Vahe ( )

Ta c6 bén déi sau,(1) tuong duong:

Y1 3abos {1 o)+ §( + 9 Qi/(1+a)(1llj.bl)(1+c)+§/(l+ a)(ibB(H eI

VT<E ].+ 1 N 1 L a N b_+ c |_ 1 &Fll} Ct+ _§:1
“31+a 1+b 1+rc ka b %c }a ib 1 '

Diu“="xayrac>a=b=c>0.

Ta c6 bai toan Hng quat 1:

cMR:g/a8, .4 +{Bh - h<y(ar B(a+ B .. a B V¥V ab 04 1)
Bai 4 : Ching minh ng: 16ab(a— by < (a+ b4 Vab 0

Giai
272 272
Taco: 16ab(a- bP = 4.(4ab)(a- f < {W} _ {@} - (= Y
N a,b,c>0 ) o 8
Ba|5:Cho{a+ bt ce1 Ching minh &ng abc( a+ lj( bt Q( c ?Sm

o Giai
So do diem roi:

Ta nhin thiy biéu thic c6 tinhddi xang dodé diu “ = ” ciia BDT < xay ra khia=b= c= 1 Nhung thyc t ta ch

3
can quan tam la sau khirslung BDT Cési ta @n suy raduoc diéu kién xay ra diu “ = ” 1a: a = b = ¢. Dal6 ta co bi
giai sau
3
C%l a+b)+(b+ o+(c+ roy
abof & B( br §( o 3] axbecl|(arBr(brgr(c 3} (1V(2) 8
3 3 3)(3 12¢
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Trong K thudt ganh gia & TBN sang TBC ta tly thwong nhan thém cacing $ dé sao cho sau bn tich thanhdng
Cac Bng do triét tiéu cac bin. Dac biét 1a doi vsi nhitng bai toan c6 théndiéu kign rang buic cia dn 5 thi viéc nhan
thém ling $ cac em hc sinh @ mic sai bm. Saufay ta ki nghién ¢u thém 2 phong phéap wa dé la phrong phap
nhan thém ting $, va ctvn diém roi trong viéc danh gia tr TBN sang TBC. Dda trinh bay plrong phapdiém roi ¢
trén nén trong mc nay ta trinh bay ép ai 2 phin .
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3.5 Ky thuat nhan thém hing $ trong danh gia tir TBN sang TBC

Bai 1: Ching minh &ng: a\/(b—l) + b\/( a— 1) <abVvVah1
Bai nay ching ta hoan toan cé tthia @ 2 e cho ab sadd ap ding phrong phapdanh gia & TBN sang TBC nin
phan trege da trinh bay, tuy nhiéa day ta ap dng mdt phaong phap ndi: phuong phap nhan théniihg $

a/b)-affb-g1 ¥ L) ab

Taco: '
bf(a-1)-hf(a12.1 < bL;)*l:%b
= a\/(b—1)+ b\/( a—1) < a_2b +12b: at
D; “ =7 yavra b_].:l N b: 2
S AR P T a2

Binh luan:

e  Tathly viéc nhan théming $ 1 vao béu thic khdng hoan toanrtnhién, i sao ki nhan thém 1 ma khéng 4
la 2. Thyc chit ciia van dé 1a ching tata chon diém roi cua BDT theo quyic biénlaa =b = 1/2.

Néu khéng n#in thirc dugc ré Van dé trén ke sinh § mic sai km nhr trong VD sau.

B a,b,c>0
Bai 2: Cho

Tim gia ti 16n nhit: S=+/ a+ b+ br cr/ & ¢
a+b+c=1

. Giai
Sai lam thwong gap:

Ja+b= (a+tb.1 C%Si(aJr—b)Jrl

2

vb+c= (bt 9.1 B (b+—§)+1 = Ja+b++b+c+Vcr %2(a+b2+c)+3:%
~ cesi (C+a)+1
Je+a= J(c+a.l < —

Nguyén nhén saidm
Diu“="xayrac>a+b=b+c=c+a=>a+b+c=2 traid gia thiét.
Phéan tich va tim toi i giai:

Do vai trd @a a, b, ¢ trong céc i thic 1a nhr nhau dadé diém roi cua BBT 5 la a= b= C== tir d6 ta dr doan

3
2
MaxS=4/6.=a+b= b+c—c+a-—:>hang§>cannhanthem|a§ Vay loi giai dung la:

2

b+cz\gm c%si\ﬁg%
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wIN

WIN




3 2(a+b+ c)+3.g 3
= Ja+b++b+ c+Vcr a&\g. 5 3:\ﬁ2.2:\/6

. X . . a,b,c>0
Bai to4n trén éu chodau bai theo yéuau sau thi hc sinh § c6 dinh hréng %t hon: Cho {

+b+c=1

minh fing: S=+ a+ b+« br crv & a&+/6. Tuy nhién Bu rém duoc ky thuat diém roi thi viec viét dau bai
theo hréng nao ang co ti giai quyét duoc.

Chang

Bai 3: Ch O<x<3 Tim Max A= (3 12 -3y)(2x + 3
ai 3: 0] Osys4 im Max A = (3 —x)(12 — 3y)(2x + 3y)
Gii
3
1 cosi 1 | (6—2X)+(12- 3)+( 2x+3 |
Lo-2q(12- ) 26 3 T 1| E22NTOZ IHZEH T4

x=0

D4u “ = " xay ra< 6 -2x :12-3y:2x+3y:6:>{y_2

Binh luan:

e Viéc chpn diém roi trong bai toan nagi vai hoc sinh throng ki lGng tang. Tuy nhiénam ar vao yéu au khi

danh giar TBN sang TBC &n phai triét tiéu Fét bién cho nén #n or vao cac B sb cua tich ta nhan thém 2 vg

thira $ thar nhit 1a mot diéu hop ly.

3
(X+Y)
Bai 4: Cho x, y > 0. Tim Min f(x, y) =———
Xy

Ta co: xy2_116(4x)(2y)( y)< liG( 4x+2y+2 T_ ({ ix+ } _—24§ Xt ))!3

(x+y) . (Y _4 - _ 4
= f(xy) = —— = Min f(x,y)=—
X 247(X+ y' 2 27

Diu “ = " xay ras 4x =2y =2y y = 2x>0.D6 la tip hop tit ca cacdiém thubc duong thing y = 2X \i x duong.
Thuc ra viéc dé hé sb nhu trén c6 th tiy y dugc mién la sao cho khi sau khi &prey BBT Cdsi ta bén tich thanhdng
cia x +y. ( CO th nhan thém &sd nhu sau: 2x.y.y).

Binh luan:

e  Trong bai toan trén yéuig la tim Min nén ta c6 thair dung ky thuat danh gid & TBN sang TBC cho gim ¢
dudi mau $ vi danh giar TBN sang TBC latanh gia i diu “ <” nén nglichdao ciané ¢ 1a“>".

e Tading co tit danh gia r s tir TBC sang TBN#é c6 chéu “ > "

Bai toan téng quat 1:

1+2+3+..4n
. N ST S S %)
Cho X, X,y Xyeerennnns %> 0. Tim Min f= XA n
Bai 5: Ching minh ﬁng:{‘/ﬁ<1+% D vne N h>1

) Giai
Véin =1, 2 ta nn thay (1) dang.
Véin> 3 taco:
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Jn+dn+1+1..4 1
—— 7 2N+ (n-2
\/Jﬁfnl I G _2n+(n-2) n+an_, 2
n n n Jn
Bai toan téng quat 2:
Ching minh &ng: (1+%) <[1+%J ¥ m<ne N (1)
Giai

m
Ta bién doi (1) ve bat dang thirc trong duong sauf) (h%} < 1+

1
n

m
Taco: n (1+ij = (1+—1j(
m n m

1+—1j ...... (1+—r11J Ao,
m TTm

X (1+1j [1+1j ....... +(1+
Cgﬂ m m m

1

n
Binh luan

<1+=
n

e Can phii binh luan vé ddu * =

cac tan ddng nghép)

”: trong bai toan trén ta coi 1/m = &tthi khi d6 diu bing trong BDT Cosi iy ra|
khi va ch khi 1+ a = 1< a = 0. Nhwng thyc t thi diéu trén trong duong Wi m tién t6i +co, khi m 14 Hiu han thi
dau “<” 1a hoan toaniling. Ching taimg nkin thdy néu m tién ra +oo thi hai \é cia BDT cang dn t6i clng nit
gia tri 1a e (@ b ty nhién @a ham logarit). Ta Bu & trong qua trinh nay thi VRt nhanh bn VT nhung sal
nay khi tung rao thi tbc d6 dan bing nhau va khing cach ngay thuep. (Muc nay xin ch binh Iuin cling i

Tom ki : Pé s dung BOT Cosi tr TBN sang TBC tadn chii y: Cli s can thirc 1a bao nhiéu thidcac $ hang trong
can 1a dy nhigu. rdu 5 cac  hang nh hon chi s5 can thi phii nhan thém kling $ d¢ s cac $ hang hing chf s cin

a,b,c>0

Bai 6: Cho
a+b+c=

Sai lAm thwong gip:

1 TimMax S=¥a+ b+ I b+ a+¥ & ¢

Ib+c=3(b+ c).l.lstrlJrl
, ~ (c+a)+1+1
Je+a=F(c+ a).l.lsT

2(a+b+cj+6 8

= S=Ya+r b+Ibrc+t¥ & x

Nguyén nhan saidm:

a+b=1

=— =>MaxS =

3 3 3

MaxS:%@ b+c=1 = Za+b+rg=3= 2 3= Vol

c+a=1

Phan tich va tim toi bi giai:

Do S la nét biéu thac d6i xung Wi a, b, ¢ nén Max S thing Xy ra ti diéu kién:
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2
a+b_3
2

a,b,c>0 L
{ @a:b:c:l@ b+c:g :>Ve1yhe1ng:zacémnhanthémla%.§

a+b+c=1 3 3

2
c+a=3

2 2

, 9 [ 22 (a+b)+—+—

b+c)+

Ta c6 bi giai: \3/b+c:§/g.13/(b+ C)%%S( )3
2

. 9 29 (c+a)+5+5
Mﬁ/;.?/(w 422 "3

2(a+b+c)+4
= S=¥at+ b+rIb+ &+¥ & a£39. ( ) =3@.§=\3/18
4 3 4 3
2

+

WIN
win

WIN

Vay Max S =318, Diu“ =" xay rac> {b+ CZ% o a=b= Czé

2
cra=z

3.6 Ky thuat ghépddi xirng

Trong k thuat ghépddi xtimng chiing taan nim duoc mot sb kiéu thao tac sau:
2(x+y+2)=(x Y+( W 2+( Z )

Phép éng: X+y, y+z 2z X

X+ y+z="5= 4= 5

Phép nhar’y*Z=( xy( y¥( 2) ; xyz=/xw/ W 2 (xy,z= §

Bai 1: Chrng minh &ng: %:+%El+%k)z a+b+c Vabc O

) Giai
Ap dung BBT Cosi ta cé:

bc  ca bc ca

b, ca) b ca
a+b)_ ab
ngibj ca ab bc ca a

.—:a:>—+—+—b2a+b+c.Déiu“:"xéyra@a:b:c.
b ¢ a b c

NI, NI NP

gzz_bca

++
& a

2
Bai 2: Chtng minh &ng: %+%+ Va,b,c£0

C
Giai
Ap dung BDT Cési ta co:
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lla b2 a b g
20T e)” W'F‘HZE
1(b? , ¢ ¥ ¢ k b? | b c ¢
et Z\/F?“_jz_a - bz+cz+az—‘—§+‘ﬁ+‘—3za+5 <
Aot 26w 0
2 b2 2 a b
Bai 3: Cho tam gia@dABC, a, b, ¢ 1a& do ba anh aia tam giac. CMR:
1, 1 1 1 1,1 1
a) (p—a)( p-b)( p- <3 abe b) p—a+ p—b+ 0 = 2(—61+B+—(J
a) Ap dung BDT Cbsi ta co:
p-a)+(pP-b ¢
(p—a)(p—b)s( )2( )27
-b _
(p-b(p-g= P9 8 (p a(ppp ped anc
p—-a)+(P-9 b
(p-a(p <" )2( q=7
b) Ap dung BDT Cési ta co:
1, 1 J y 1 y 1 _z
2lp-a p=b)  J(p-a)(p-§  (P-a)+(p-B ¢
2
i1 13 1 > 1 _2
2\p=b p-¢/  J(p-b)(p-9 (P-b)+(P-9 a
2
i1 1) 1 > 1 _2
2lp-a p-¢  [p-g)(p-9 (P-a@)+(p-g b
2

N 1 + 1 + 1 5ol 1 1 1 1
p—-a p-b p-c W
DAu “ = ” xay ra cho & a) va b) khi va chkhi A ABC déu:a=b=c
(p la nra chu vi @a tam giacAABC: pP= a+£)+ C)

Bai 4: ChoA ABC, a, b, ¢ la&do ba anh aia tam giac. Chng minh &ng:
(b+c-a)(cta b & b- §< ab

< Giai

Ap dung BDT C6si ta c6:
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b+c—a)+(c+ a—t) .

Os\/(b+c— a(cra-Bh < (
(c+a-Db)+(a+b-q _ .

N

Os\/(c+ a-b)(a+b-q <

N

b+c-a+(arb-q o

Os\/(b+c— a)(a+b-q < ( 5

(b+c—a) (c+a—t)(a+ b- ¢ < ab
="xayrac> AABCdu:a=b=c.

= 0<
Au

Da

Kj thudt sik dung Bit diing thiecc CO-Si




3.7 Ky thuat ghép cip nghichdao cho 36, n

Noi dung én nim dugc cac thao tac sau:

1. (x+y+z)(1 i/ 1j>9 VXY, 2z (

1.1 1 2
2 +X o X ) 12N VX, X, X > (
R
Bai 1: Ching minh éng : b+C+ C_‘t_)a azb>6 Va,b,c> 0 (1)
Giai

Ta bién ddi (1) tuong duong: £l+ b%acj (1 Tj

@a+:+c+b+t():+ aJr c+Ca+ b29

Bai 2: Ching minh &ng: 2 2

C+ a

[1+ibJ_9
C
1 1 1

b

(a+ b+ C)[a E) > 9 (dpcm)

2

9 Va,b,c> C

Ta bién déi twong dwong BDT nhu sau: 2(a+ b+ C) (

1

+ + >
a+b b+rc c+a a b c

Giai

1

1 1 1
>
atb brc C+J =9

e [(a+ b)+(b+ g+( a* (ﬂ [a-:iL-b-i- b e o

Bai 3: Ching minh &ng:

C a+b

+
a+b b+c o a

Ta c6 bén ddi tuong duong sau:(l+ ¢ j (1+
a+b

3
2

J > 9 (dpcm)

= Va,b,c> O(BDT Nesbit)

b 9
[1+ aj> +3= >

- a+b+c+ a+b+c+
a+b b+ c

a(a+b+c)[ 1 .1

o [(a+b)+(b+ d+(ar q] [

c? a 02

Bai 4: Ching minh &ng:

a+b b+rc o+

2
Ta bén déi BPT nhr sau:| C+——— ¢ +| a+-——
a+b

c

= C[l+ b

j+a 1+

+ >
a+b b+c o a

a2

b+

S

bre|

ar b— 329

cra ) 2

1), 9

2
1 1 1
>

arb brc of aj = S(dpem)
> a+2b+ ¢ wvab,c>C

Giai

aj a+ b+ ¢

3(a+b+ c)

= 2

3(a+b+ c)

C a b
& (a+b+ C){a+b+ e

2
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C a b S
a+b b+rc o a
a

o (1+a—ibj+(1 Brc
= [(a+b)+(brg+(ar

3.8 Ky thuat doi bién sb

C6 nhing bai toan & mét biéu thic toan fc twong déi cong kenh hdic khé giii, khé nhin biét dugc phrong hréng
giai, ta co tie chuyen bai toanw tinh the kho ben doi ve trang thai & bién doi hon. Phrong phap trén @ la phrong
phépdoi bién.

=

1 1 1
(ﬂ £a+ b brc o

C a b .3

Bai 1: Ching minh &ng:

b+c=x>0
pat: {C+a=y>0 < a=Y 2 X b= 2 X y XY
2 2 2

a+b=2z>0

Khi d6 bit dang thrc da cho trong duong Wi bat ding thic sau:

BEE N R T FR
2X 2y 27 2]l x y Ux z 2 2

Bat dang thic trén hén nhiénding, THit vay 4p ding BDT Cési ta co:

VT > 2\/¥.l‘+2\/__ \/_y_z_ 2+ 24 2 ¢
X'y X z y

Diu“="xayrac>x=y=zoa=b=c
2
Bai 2: ChoAABC. Ching minh &ng: Q. b* + c >a+b+c
b+tc-a c+tab a b C
b+c—a= x>0
pat: {C+a-b=y>0 < a:yJZFZ, b= Z; X, c= X;>

a+b-c=20
Khi d6 bit dang thrc da cho trong duong Wi bat ding thic sau:

2 2 2
(nyZ) N (Zzyﬁ N (X;Zy > Xt y+ 2

Tace: VT2 = Y% + 24 lyzl[_)’ﬁjj(+}( Zx j ( XZJ
X y z 2 X Yy 2 y Z

CiSI\/yZ ZX \/ ZX xy yZ ZXY X+ Y+ Z

=

(@)

X'y y z X'

Bai 3: ChoAABC.CMR:(b+c—-a).(c+a-b).(a+b}<cabc (1)
b+c—a= x>0

pat: {C+a-b=y>0 < a_yJZFZ, b= Z; X; G X;>.

a+b-c=z>0
Xty Yy+2z & >
2 2 2

Khi d6 ta c6 BT (1) tuongduong Wi bt dang thic sau: Xyz<
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Ap dung BDT Cosi ta cé:X+ y. y* Z. Z-; )& \/X_y.\/VZx/_Z = XY. (dpcm)

2 2
Bai 4: ChoAABC. CMR: 1 5+ 1 5+ 1 52 P 1)
(=& (p-b)° (p-9"  (P-a)(P-B(p-g
p-a= x>0

pat: { p—b=y>0 thi ) %+i2+?];_ X")‘(yz"‘ A
p-c=2z>0 y y

(2)

Ta co:

i1 1) 11 1,111 1 11 1111
=D S+ S == == 2 ==+ [— —
VT (2) 2(X2+YZJ+2( y2+ ZZJJF 2( )€+ ZJ 2 \/ % }f\/ )2/ 2+\/ % 2

1 1 1 x+y+z
+—+==

Xy yz X XyZz
Diu“="xayrac x =y = z& a=b = 6= A ABC déu.
. ) 1 1 1
Bai 5: Chiing minh &ing réu a, b, ¢ > 0 va abc = 1 thi= + + <1
g g 2+a 2+b 2+c
Giai

Bét dang thic d& cho trong duong V6i:
1 1 1 a b C
— +1- +1- >l >
2+a 2+b 2+C 2+a 2+b 2+c

X
thoadiéu kien ab.c= V >Z/ X_ 1. Bit dang thrc da cho trong duong VGi:

bit a= b:l/;c:
Z

X. Z.
y X
X Y Z_ >
X+2y y+2 z Z 2 X

Ap dung bit ding thrc Bunhiacopski ta co:

(x(x+2y)+ w22+ ¢ 22 »(X+X2y+ y+y22+ Z-|-22>JZ( X ¥y )%

( X y z)J (x+y+z)2 (x+w3
+ + >
X+2y y+2z z2 (x(x+2y)+y(y+22)+ }2» (X+y+ z)

3.9. MOT SO BAI T AP VAN DUNG
Ky thuat chen diém roi va danh gia tir TBC sang TBN:

3.9.1 Cho a> 6. Tim gia tf nho nhit cua béu thic S= & +1—8
Ja
1 1
3.9.2 Cho 0 < & > Tim gia ti nho nht cua biéu thic S= 2a+a—
a,b>0 )
3.9.3 ho . Tim gia ti nho nhit coa S= ab+i
a+b<1 ab
a,bc>0 _ : 1
3.9.4 ho . Tim gia ti nho nhit cia S= abcr ——
a+b+c<1 abc
3.95 Cho a, b > 0. Tim gi&itnho nhit cia biéu thic S= ?/—i__tt)) a+ll:2))
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a,b,c>0 11 1
3.9.6 Cho 3. Tim gia ti nho nhat coa S= a+ b+ G- =+—=+=
a+b+ C<§ a b c
a,b,c>0 11 1
3.9.7 Cho 3.Timgiatint nhit cia S= &+ B+ C+=+=+=
a+b+ c<3 a b c

3.9.8 Cho a, b, ¢, d > 0. Tim gié tnho nhit cua biéu thic:

v B

a,b,c>0 o 1 1 1 2 2 2
3.9.10 h Chir h éng: S=—+ —+-——>81
° {a+ b+c<1 ng minn &ng a? c2 abJr 9 ca
2 2
3.9.11 ho {a’ b,c>0 Ching minh &ng: S—1+£+ c += 1 + 1+ ](':> 28

a+b+c<l b ¢c a a b

K§ thuat chen diém roi va danh gia tir TBN sang TBC:
1 (a+ b)(1-ab) 1

3.9.12 CMR: - <=
2” (1+a )(1+ b2) 2
3.9.13 Cho {Z’fi)(fco:l Chiang minh éng ab+ bc+ ca- ab&%

a,b,c>0
a+b+c=1
K§ thuat chen diém roi va nhan thém hing $ trong danh gia tir TBN sang TBC

3.9.14 Cho{ Ching minh éing 16abc< a+ k

a=>3
3915 Cholb>4 Tim Max S= abyc-2+ b(‘;/;z—3+ ca b4
c=>2
(x+ y+ z)6

3.9.16 Cho x,y, z>0. Tim Min f(x, y, z) =

T Xy Z

3.9.17 Ching minh &ng: \/_<1+i D VvV KneN

3.9.18  Ching minh &ng:S= 1+,/2+ ‘/ RS | n:{ 1< 1
. n n+1
3.9.19  (Goiy: CMR 1z )

3.9.20 ho a,b,c,d>0 TimMax S=+va+b+c+Vb+ o+ d+V & o+ av & a
a+b+c+d=1
3.9.21 Cho{a’b’c’d>0 TimMax S=%¥2a+ b+32br c+d2e drI2d

a+b+c+d=1

bc/a-2+ cal b-6+ alf e 12

abc

3.9.22  Choa>2, b>6:c>12. TimMin S=

K§ thuat ghép cip nghich dao cho 36, n

a,b,c>0 1 1 1 9
. > =
a+b+c=1 CMR: a+b+ b+ c+ c-a 2

3.9.23 Cho{
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a,b,c>0 o+, 11
a+b+c<1 "a+2bc bBP+2ca é+2ab

3.9.25 Cho tam giac ABC, M thic mién trong tam giac. @ MA, MB, MC thur tu giao \6i BC, AC, AB tai
D, E, F. Clitng minh:

3.9.24 Cho{

MD ME_MF_, , MA MB _MC_, MA MB MC_
"oaEB T Fe Y DAt ERTECZ Ovp P ME T WME S
MA MB MC DA EB FC MD ME MF

>
IV MEMESS  Owatwme MeS Y% "wmaTmB mcY?

5. MQT SO UNG DUNG KHAC C UA BAT PANG THUC
Ap dung BPT dé giai phwong trinh va hé phwong trinh
Bai1: Giai phuong trinh /X +/y—1++z— =%(X—|— W 2

Giai
Piéu kién : x>0, y> 1, z> 2. Ap ding hit dang thic Cési cho haiékhdng am ta co:

\/* \/_1 X+1
Jy—1=J(y—1)-1s

Vz-2=[(z-2).1< (Z_§)+1: z;l

Suyra: &+‘/y—1+\/z—2£%( X+ Y-
x=1 x=1
DAu “=" xay ra khi va chkhi {y-1=1<y=2.
z-2=1 z=3
Vay phuong trinh ¢é nghéim (x, y, z) = (1; 2; 3)

Bai 22 Giai phuong trinh: 6/1— X? +\A/l+ NG +<1/1+ X=3

Giai
biéu kién: -1< x < 1. Ap ding kit dang thic C6-si ta co:

Y1-x2 = JN1- xa/ 1+ xgm;m (1

(y-D+1
2

Y- x=y/1-x .15—“1_2)”1 (
Y1+ X =yV1+ x .13—“1+2X+1 (

cong (1), (2), 3) tatwoe:  Y1—X2 + 41— X+ 41+ X< HVE x+J F x
Mt khac, hi theo kit dang thic Cdsi ta c:

VX = A 1< L0+ 22X 2ox 2
2 2 o 1Tx+Trxs LR A X
JTEx = [T x) i< @A+x)+1_ 2+x 2 2
2 2

Tir (4) va (5) suy ra:y1— X2 + Y1+ X+§ 1+ X< &
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V1I-X=+1+ X

DAu “=" xay ra khi va chikhi:{1-X=1 < x=0
1+x=1

Vay phuong trinh ¢ ngléim duy ntit x = 0

Bai3: Giai phuong trinh: X2+ X—1++/x— X +1= X— %+ 2 (1)
Giai
e+ 1< (C+x-1)+1 »X+ X
Ap dung kit ding thic Co-si, ta c6 22 2
NP (X=x+D)+1 x—¥X+2
B 2 2
= I+ Xx=1+Vx= R+1< x+1 2)

Két hop (1) va (2) ta cox®* —x+2< Xx+1< (x-1)* <0 x=1.
Thir lai ta ¢6 x = 1 1a ngiéim duy nhit cua phrong trinh

(x=1Jy+ (Y- x=4/2xy

Bai 4: Giai hé phuong trinh:
XJy—1+ W x-1= xy

Giai
Diéu kien: x> 1, y> 1. Ap ding kit dang thrc C6-si, ta co:

Ix=1=/1.(x- 1)3%)(_1):12(: W X Js%’ (L)

Tuong t: Jy-lg%: x/y—lsx—zy (2)
cong (1), (2) tatuge X y—1+ W Xx—1< xy.

y-1=1

Thir lai thdy: x = y = 2 ding thba man plrong trinh thir nhat cuia h
Vay hé c6 nghém duy nfit (2;2)

Déu “ =" xay ra khi véclhkhi{ S X=Yy=2.

X=5 %ty

Lt

Bai 5: Cho $ nguyén n >1. Gi hé phuong trinh: X2_2 % X,
1 1

=5 Xﬁzj

0}

iai
Tir hé d& cho suy rax X,, ... , % la cing du. Gi sir x; > 0 Wi moi i. Ap dung it dang thic Co-si, ta c6:

X, :%[)(2+le >1.Tuong t: X, > 1 V6i moi i.

Cong n phrong trinh @a ke theo ting W ta duoc: X+X+..+X =l+i+ +—1
X% X
Vix >1nénx zivé’i moi i, suy ra: X + X, +...+ X Zi+i+...+—1
X X X% X,

7
Apy —m

Dau “=" xay ra khi va chikhix;= %=...= =1
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2% _
e Y
2y*
1+y? z
272 _

1+2°

Bai 6: Giai hé phuong trinh:

Giai
R® rang k c6 nghém x =y = z = 0. \éi x,y,z = 0, tr hé d4 cho suy ra x>0, y>0, z>0. Amiulg kit dang thic Co-si, ta
co:

x> _2¢
1+ X2 > 2X= y= <2 =
y 1+x* "~ 2X
2y? \ 27
Tuong = <Yy va X= < Z
an 1+ y? y 1+ 7
Vay : y<x<z<y,suyrax=y=z.
Thay y = x vao phong trinh thir nhat taduoc:
2
2—X2:x<32x:1+ ¥ x=1(vix> 0
1+x

Vay h¢ co hai nghim (x, y, z) ={(0; 0; 0) ; (1; 1; 1)}

Bai 7: Tim $ nguyén dong n va cac&duong a= &= ... = & thoa caadiéu kién
a+a+..+ag= 2 (
i+i+....+—1: (2

a g

Lay (1) ong (2) \é theo &, tadu'c)'c:[a1 +é}+[az-l-glj—i-..+(aﬂ +—1j =4

) L 1
Ap dung bit dang thic Co-si, ta c6:8, +—2=2 véii=1,2,...,n

Suy ra 4> 2n hay r< 2:

a=2 a+8,=2
Véin=1. kR 1_2 vd nghém; \Win=2:k i_i_i_zcénghémal:az:l
a a 4

Vay:n=2vaa=a=1

Sauday < la mgt sb bai tap tuong tu gitip hec sinh 6n luyén kién thic
BAI T AP PE HQC SINH VAN DUNG
1. Giai cac phrong trinh sau:
a) (C+D(y+2)(Z+ 8= 32xyz (x,y,2 C
b) X++2-¥ = 4y*+ 4dy+
16 4 1225
C + +
) Yx-3 Jy-1 z-665
d) x+1, A(y-1Ry-1+4_ 10
o Jy-y
2. Giai phwong trinh:
a) VX1t x-3=2(x 3+ X 2
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b X y z 3
) + + ==
2X+Yy+2Z 2W H X 2Z % Yy 4
2x?
e Y
+ X
. 3y?
3. Giai hé phwong trinh; {—————=7
*P g 1+y*+y*
47 .
1+22+ 2+ 2
4. Xacdinh sb nguyén drong n va cac 8 dwong X, %, ..., % thoa:
X, +X, o+ X, =9
l+i+...+—1:1
X, X, X,
. . X+ y+z=1
5. Giai hé phuwong trinh: 4
X'+ Y+ Z = Xy:
n+k
JIHX 1+ X+ i B % = N ——
- . n
6. Giai hé phuwong trinh: 7
n_
1-X +1-X + .44 % =nl——
=X =X+ T -
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