Bai giang s6 16
HAM s BA THUC

Ham sb 1a mot trong nhiing noi dung chii yéu ctia mén Toan dugc giang day
trong nha trudng phd thong, chi dé ham sb luon ludn 1a cau sé 1 trong moi dé thi
vé mon Toan vao cac truong Pai hoc va Cao déng.

Ham sb da thirc va ham s& phén thirc 14 hai cu thanh chinh cta chuyén myc ham
so Bai giang nay dé cap dén cac bai toan lién quan dén ham sb da thir, trong bai giang
s8 17 s& trinh bay cac bai toan tuong tir nhung ddi vai 16p ham s6 phén thuc

§1. BAI TOAN TIEP TUYEN VOI HAM PA THUC

Céc kién thirc co ban sau day ludn luén
duoc sir dung dén trong qua trinh giai toan.
Cho dudng cong y = f(x) va diém M
nam trén dudng cong ¢d hoanh dg la x,. Goi M
a, 1a hé s6 goc cha tiép tuyén véi dudng / |
cong tai M. Khi do ta cé: E
1/20 = y'(x0) = P (x0). / : X
2/ Phuong trinh tiép tuyén voi dudng / 0 / Ko
congtaiM lay — yo=1y"(X0).(x — X¢) (1) !
Cha y rang (1) Iz‘i phuong trinh tiép
tuyén v&i duong cong y = f(x) tai diém M
cho trude trén dudng cong, con cac trudng
hop khéc dé giai cac bai toan vé tiép tuyén ngudi ta sir dung két qua sau:
Cho hai dudng y = f(x) va y = g(x). Hai duong tiép xuc v6i nhau tai diém M
¢6 hoanh d6 x¢ néu nhu hé sau day thoa man:

{f(xo) =g(xo)
f'(xo0) =2'(xo) |
| Loai 1: Tiép tuyén v6i dudng cong tai mot diém cho trude trén dudng cong.
Dé giai cac bai todn loai nay nhat thiet phai tim dugc tiep diem cua tiep tuyén
vai dudng cong, sau do s& sir dung cong thire (1) ndi trong phan mé dau.

Xét cac thi dusau:
Thi du 1: (Dé thi tuyén sinh Dai hoc khoi A -2009)

Cho dudng cong:

Viét phuong trinh tiép tuyen v6i (C) biét ring tiép tuyén cit truc hoanh tai A,
truc tung tai B sao cho OAB la tam giac vudng cén tai O, ¢ day O Ia gbe toa dd.
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Giai

Tacoy = ———=. Vi tiép tuyén tao v6i hai truc toa d6 mot tam gidc
(2x + 3)
vudng cin nén hé sb goc cia tiép tuyén 1a £ 1.
‘ © o4z -1 Xo = -2
Khidéa,=+1 < ——-———7=i1 &
(2x9 +3) Xp=-1.

Khi xo = -2, thi y, = -4, lic d6 tlep tuyen 6 dangy =-x-2.

Khi xo = -1, thi y, = 1, luc d6 tiép tuyén co dang y = =X (truong hop nay loai
viy = —x di qua gbc toa do, nén I\hong tao thanh tam giac OAB).

Viy c6 duy nhity = — x — 2 la tiép tuyén can tim.

Thi du 2: (Dé thi tuyén sinh Dgi hoc khdi B - 2004)

Cho ham sb y = %x‘t 2x2+ 3x (C). Viét phuong trinh tiép tuyén A éﬁa (C) tai

diém udn va ching minh A la tiép tuyén cta (C) cd hé s6 goc nho nhat.
Giai

Tacoy'=x’—4x+3vay’ =2x-4. Tir d6 suy ra M ( ij 1a diém udn cia

. . 2
(C). Tiép tuyen voi (C) tai M co dang: y ~ 3 = —(x - 2) =y=-X +§ .

Tiép tuyén nay cé hé sb goc a = —1. Mat khac tiép tuyén véi (C) tai didm bt

ki trén (C) ¢6 hoanh d6 x c¢6:
=X —4x+3=(x-2y-1>-l=a= dpem.

Nhdn xét:

D& théy ta co két qua téng, g quat nhu sau (véi ching minh hoan toan tuong tu):
Véi dudng cong y = ax’ + bx’ + cx +d vai a>0 thi tiép tuyén tai diém udn c6 hé sb
goc bé nhat; (con khi a <0 thi hé s6 goc lai 16n nhit).

Thi du 3: (Dé thi tuyén sinh Pai hoc khoi D - 2005)

Goi (C,) 1a dd thj ciia ham sé y= ;x3 —%xz + 3 Goi M 1 diém thudc (C,)
c¢6 hoanh d6 bang —1. Tim m dé tiép tuyén véi (C,) tai M song song véi duong
thang 5x —y = 0.

Puodng thing 5x —y = 0 ¢6 hé s6 goc bang 5, nén dé tiép tuyén tai M song
song vai A trudc hettacan co vVEDh=5Se m+l=5o m =4,

Khi m = 4 thi tiép tuyén c6 dang: y — (-2) = 5(x + 1) ©y=>5x+3.R0rang
dudng nay song song vdi A, vay m = 4 la gia trj duy nhét can tim.

Thi du 4:

Choy= x*+ 1= m(x + 1) (Cy). Tim m dé tiép tuyén vé6i (C,,) tai giao diém
ctia nd vai truc tung, tao vai hat truc toa d6 mot tam giac cd dién tich bang 8.

Giai '

Dé thay M(0; 1 — m) la glao diém ciia (C,)) v6i truc tung, nén ciing dé thay

y=-mx+1l-mla tlep tuyén vé6i (Cy,) tai M.
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Goi A, B tuong imng 1a giao diém ciia tiép tuyén nay véi truc hoanh va truc

tung, ta c6 ngay: A=(]_—m;0] vaB=(0; 1-m).
m

(cha y khi m = 0, thi tiép tuyén song song v6i Ox nén loai kha nang nay).
Tir do:

5
‘]—ml:8<:>£]—:£)—:l6
: | m]

Soag =8 <> ~OAOB =8c>l|‘———“l
. 2 2l m
o M=t NG
m=-7+443.
D6 1a 4 gia tri cin tim cla tham s6 m. -
Thi du S:
Cho dudmng cong (C): y = x* =22 + 8x + 5. Ching minh khong c6 bt ki hai

tiép tuyén nao cua dudng cong lai vudng goc véi nhau.

Giai
Gia st tréi lai c6 hai duong tiép tuyen cua (C) vuong gbc v01 nhau. Goi x;, X

twong (g la cac hoanh d6 cua hai tlep diém cua hai tiép tuyén ay. Goi a,, a, lan
lrot la cac hé ) goc cha hai tlep tuyen tai cac diém trén (C) c6 hoanh dd x,, x.
Khi dotlraja=—-1 = y’(x)).y’(x2) =-1.

= (3x2= 2%+ T)3x = 2%+ Ty = -1 (1).
Tam thirc f(t) = 32— 2t + 7 c6 A’<O nén f(t) > 0 Vt € R . Tir d6 va tir (1) suy

ra mau thudn. Viy gia thiét phan chimg 1a sai = dpem.

x=2,vitht(2) ©@x'-8-12x+24=0

Thi du 6:

Choy—x —-3x+1 (C) ,

1/ Viét phuong y trinh tlep tuyén véi (C) tai diém c6 hoanh d§ x =2

2/ Tiép tuyén & cau 1/ cit lai dudng cong (C) tai diém M’. Tim toa d6 cia M.

Giai

1/ Tiép tuyén tai M c6 phuong trinh:
y—-3=9(x-2) <y=9%x-15.

2/ Gia sir tiép tuyén & cau 1/ cit (C) tai M.

Xét phuong trinh:
X =3x+1=9x-15 @ x-12x+16 (2)
Chi y rang (2) chic chin cé nghiém

S x=-2D(+2x-8)=0
: X
S x-2)Px+4)=0 {
x =—4.
Viy M’(—4; -51) la giao diém thir hai cua tiép tuyén tai M véi (C).
Thidu?7:
Cho dudng cong y = x'—3x2+1 (C). .
Chimng minh ring trén (C) ton tai vo sb cap diém ma hai tiép tuyen tai ting

cip diém song song v6i nhau.
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Ta coy’ = 3x" - 6x. Bai toan da cho c6 dang twong duong sau:

Chirng minh rang ton tai v sd k sao cho cac phuong trinh:

‘ 3x - 6x =k (N
déu c6 hai nghiém phan biét.
Taco(l) & 3x*—6x-k=0 (2)

Dé thiy A°>0 <> 9+3k>0 < k>-3 3).
Tir (3) suy ra dpcm. :
Nhdn xét.
1/ Két qua trén van dung cho moi dudng cong bac ba tiy y.
2/ Cac ban hay ty chang minh nhan xét sau: Moi dudng thang ndi timng cap
trén ludn di qua mot diém ¢d dinh (li=1)
ILo:_u 2: Phuong trinh tiép tuyén véi duong cong di qua mot diém cho trude: |
Luge do chung giai cac bai todn nay nhu sau:
— Hodc 1a quy vé bai toan loai 1 (tirc la quy vé tim tiép diém caa tiép tuyén
v6i duong cong da cho).
— Hodc 1a sir dung ménh dé vé diéu kién hai dudng tiép xiic v&i nhau da trinh
bay trong phan mé dau.
Phuong phap thir hai la phuong phap hay dugc st dung hon.
Thi dy 1: (Dé thi tuyén smh D(u hoc, Cao d(mg khoi B - 2008)
Cho duong, cong y = 4x’ — 6x” + 1 (C). Viét phuong trinh tiép tuyén vai (C)
biét rang tiép tuyén di qua diém M(-1; -9)
Giai
Di qua diém M(=1; =9) thi x = -1 chac chin khéong phai 1a tiép tuyén vaéi (C)
nén moi tiép tuyén cia (C) di qua M phai c6 dang: y =k(x + 1) -9
Goi Xo 1a hoanh do tiép diém, ta c6 hé phuong trinh sau:

4xg - 6x5 +1=k(xo+1)=9 (1)
12xg —12x, =k (2).
Thay (2) vao (1) rdi rit gon ta cé:

Xg =1
4xg +3x5 = 6% =5=0 & (xg +1)(4x] ~x(-5) =0 5
‘ X0 h
+ Khi xo=—1, thi k = 24. Liic nay tiép tuyén lay = 24x + 15.
. 5 15 15 21
+ Khix = A thik = 2 . Luc nay tiép tuyén lay A X 1
Nhéin xét:
Trong thi du trén diém M(=1; -9) € (C). Vi thé néu ta cho raing M e (C), nén
tiép tuyén c6 dang:
y- (-9 =y'(-Dx+1)=24(x+1) > y=24x+ 15
21

Giai nhu vay sé thiéu dap sb: y = léf—x T
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Tir d6 ta co bai hoc sau: Phai phan biét xem dau bai yéu cau viét phuong trinh
tiép tuyén véi (C) tai diém M, hay qua M (diém M ndm trén (C) hay khéng nam
trén (C) khong dong vai tro gi ¢ ddy ca).

Thi du 2:

Cho dudng cong y = %x“ -3x° +% (C). Viét phuong trinh tiép tuyén véi (C)

biét tiép tuyén di qua diém M(0; % ).
Lap luén nhu thidu | tiép tuyén c6 dang: y = kx +% .

Goi X 1a hoanh do tiép diém. Khi d6 co hé phuong trinh sau:
1 3 3
—x3x2+ S =kxg+ = (1
270 0T, 0T,

2x3 —3xy =k (2)

Xp = 0

XO = i\/i

Ti d6 suy ra co ba tiép tuyén: y =%;y =—2\/:’2_x+-;-;y = 2\/?2_X+—§-.

Thidu 3:

" Cé bao nhiéu tiép tuyén di qua dlem M( -2; 5) voi dudng cong
(C) y=Xx oox + 17x + 2.
Giai

Moi tiép tuyén véi (C) qua M ¢6 dang: y = k(x + 2) + 5. Goi xo 1a hoanh d6
tiép diém. Khi dé ta c6 hé:

[x-9xF+17x+2=k(xo+2)+5 (1)
13x%+18x0+17—k (2)

Thay (2) vao (1) rdi rat gon, ta co: (Xo— l)(2x0 - Xt 17)= 003)

Péi vm duong cong bic ba s6 tiép tuyen bing sb tiép diém (vi mdi tlep tuyen
voiy=ax’+ bx’+ cx +d =0, a #0, chi tiép xtic v&i dudng cong tai mot tiép diém
duy nhét).

Vi thé s6 nghiém cua (3) bang sb tlep tuyén véi (C) tai M.

Do phuong trinh 2% — Xo—37=0 (an Xp) ¢6 hai nghiém phan biét khac 1, nén
(3) ¢6 ba.nghiém phan biét, vi thé qua diém M vé dugc ba tiép tuyén dén (C).

Thidu4:

Cho dudng congy = X' = 3x +2 (C). Tim cac diém M e (C) sao cho qua M
chi c6 thé v& dugc duy nhat mot tiép tuyén dén (C).

Giai

Gia st M (o; a’-30+2) 14 diém thude (C) can tim. Tiép tuyén qua M c6 dang:

y=k(x— a)+a —3a+2.

Goi xg 14 hoanh 49 tiep diém, ta c6 hé:
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Thay (2) vao (1) rdi rat gon ta cé: Xo( 2) 1R=




{xg ~3xg+2=k(xg—a)+ &’ —30+2 (1)

3x§-3=k (2).
Thay (2) vao (1) ri rit gon, ta c:
2x3 —3axj + 0’ =0 o (xy —a)’ (2xp +a) =0 3).

Tur gia thiét suy ra (3) (4n xo) phai c6 nghiém duy nhét. Didu nay xay ra khi va
chi khi a=-—%<:>oc=0.

Vay M(0;2) la diém duy nhit trén (C) can tim.

Nhgn xét:

Diém M (0; 2) chinh 14 diém udn cua ©).

Ta co két qua sau (chirng minh hoan toan twong tu va xin danh cho ban doc).
Két qua cua thi du trén hoan toan dung véi moi dudng bac bay = ax’® + bx*+ cx +d,
a#0.

Thidu 5:

Tim cac dlem tren truc hoanh sa0 cho tu d6 vé dugce ba tlep tuyen dén dd thi
ciia (C): y = x*+ 3x%, trong d6 c6 hai tiép tuyén vudng goc vdi nhau.

Gidi
Goi M(0;0) la diém cin tim. Tiép tuyén véi (C) qua M ¢6 dang:
y =k(x —a).
Goi xo 12 hoanh do tiép diém, thi ta c6 hé:

xp +3x§ =k(xg —a) (1)
3x3 +6xy =k (2).
Thay (2) vao (1) rdi rat gon ta c6 két qua:
X =0 (3)

f(xo)=2x5 +3(1-a)xy—6a=0 (4)
D& (3) va (4) ¢6 ba nghiém phan biét thi (4) cAn ¢6 hai nghiém phan biét khac 0.
A>0 a<-3

f(O):tOC> a>—-%vé a#0

2x3 +3(-a)x} - 6ax, <

Diéu do xay ra khi :{ ™
Tai diém M, c6 hoanh d6 0 thi theo 3] suy ra tiép tuyén véi (C) tai M; song
song voi Ox. Vi moi dudng thang song song voi Oy khong phai la tlep tuyén coa
(C), nén dé thoa man diéu kién dau bai thi cac tnep tuyén véi (C) tai diém M,, M,
phai vudng goc voi nhau. Hoanh do M;, M, tuong tng 1a cac nghiém t;, t, cia
phuong trinh:
2t‘+ 3 -a}—-60=0 (5)
Hé sb gbc cua tiép tuyen nay theo (2) tuong ing la:
ki= 3t| + 6t; ko= 3t2 + 6t,.
Tiur d6 kl.k2 =-] & (3t1 6t|) (3t2 + 6t2) = —]
<< 9(t|t‘>) + lgtltz(t] + 2) + 36t1t2 =] (6)
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. 3(a
Ap dung dinh li Viet ta co tt :—(——);t t, = =30 nén tir (6) sau khi rat
P g 142 5 12

gontacod: 27a+1=0 @az—z%

Vay M(% :0) 1a diém duy nhét trén C cén tim.

§2. BAI TOAN VE CUC TRI VOI HAM BA THUC

Ngoal viéc str dung thanh thao cac quy tic 1, quy tic 2 tim cyc dai va cuc tiéu
ctia ham s6 (d4 trinh bay trong sach gido khoa), ta ludn dung dén cac ket qua sau:

- Pudng cong y=ax'+ bx>+ cx + d = 0 (a # 0) ¢6 cuc dai, cuc tiéu khi va chi
khi phuong trinh y’ = = 3ax’ + 2bx+c= O ¢é hai nghiém phan biét.

— DPuong cong, y=ax'+bx'+ ex’+dx + e =0 (a # 0) cé ba cyc trj khi va chi
khi phuong trinh y’ = =4ax’+ 3bx*+ 2ex +d = 0 c6 ba nghlem phéin biét.

—-Giasory = ax’ + bx’ + cx + d dat cuc tri tai hai diém c6 hoanh d6 x,, x,. Khi
d6 dé tinh gia tri cuc tri ta con ¢ thé lam nhu sau:

Goiy=Ax+Bla phin du trong phép chia cua f = ax’ + bx’+ cx + d cho dao
ham y’ = 3ax* + 2bx + ¢ cua né. Khi do:

y(x1) = Ax; + B; y(x2) =Ax; + B.

Khi str dung nhén xét nay, phai chimg minh lai nhu sau:

Ta co: y=ax3+ bx’ + cx +d = (3ax’ + 2bx + ¢)(Cx + D) + Ax + B, ¢ ddy Cx
+D la thuong trong phép chia ndi trén. Viy'(x;) = y’(x2) =0 dpem.

Cac dang toan co ban:

|Loal 1: Céc bai toan vé sy ton tai cuc trj : |

L&p bai toan nay thudng c6 dang sau: Tim tham s6 dé cac ham s6 c6 cuc trj
va cuc tri nay thda man nhiing diéu kién nio dé cho trude.

Lugc dd chung dé giai cac bai toan nay s& 1a sir dung diéu kién ton ta1 cuc tri
voi cac da thirc bac ba, bac bon két hop voi viée st dung cac két qua vé da thic
bic hai, dinh i Viet, li thuyet vé phuong trinh va bat phuong trinh.

Thidul: (De thi tuyen smh Dm hgc khoi B 2007)

Cho ham sy = —x +3x%+ 3(m* - Dx —3m’— |

Tim m dé ham s ¢6 cuc dai, cuc tiéu va cac diém cyc tri cach déu gbe toa do.

Giai

Truorc hét ham s6 c6 cuc trj khl phuong tnnh y =0 co hai nghiém phan biét.

Tacoy =0 <3+ 6x +3m—1=0 <3x “2x-m’+1=0 (1)

(1) ¢6 hai nghi¢m phan b1¢t o A=m>0 & m#0 2)

Khi thda man (2) ham sé ¢6 cue tri tai A(1-m; —2-2m?) va B(1+m; 242m’ ).
Theo bai ra ta co:

OA=0B e (1 -m)+(-2— 21112)2 = (1 +m)*+ (=2 + 2m?)~.
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<:>4m3=|n®m2=%(dom¢0)<:> m=+

Vay m = i% 1 hai gia trj cAn tim ca m.

Thi du 2: (Dé thi tuyen smh Dai hoc k/l()l B-2002)

Cho duong cong y = mx* + (m2 9)x*+ 10 (Cp). Timm dé duong cong (C,,)
¢o ba cyc tri.

Giai

bBuong cong (Cyy) c6 ba cuc tri khi va chi khi phuong trinh y> = 0 ¢6 ba
nghi¢ém phan biét.

Tacoy’ —0c>4mx2+2(m——9)x=0‘ H

x=0 2
N ()
2mx? =9 -m? (3)
Nhu vdy (1) c6 ba nghiém phén biét khi va chi khi (3) ¢6 hai nghiém phan

2
- m<-3
biét khac 0 tirc 1 khi va chi khi =™ 50 (4)
2m 0<m<3
Viy (4) la tap hop tat ca cac gia trj cén tim cua m.
Thidu3: i
Cho ham séy = x* + 2(m - DX+ (m® - 4m + )x — 2(m*+ 1). Tim m dé ham

s6 dat cuc tri tai x,, X, sao cho: RS + 1 =l(xl +X,).
Xi X2 2
Giai
Puodng cong ¢o cuc trj khi phuorng trinh y’ = 0 ¢4 hai nghiém phan biét.
Tacoy =0 3x’ +4(m -~ Dx+(m*—4m + 1) = 0. n

(1) c6 hai nghiém phan biét khi va chi khi

m<—2—\/§
m>—2+\/§

Khi théa man (2) duong cong dat cuc tri tai hai diém phan biét x = x;, x = x,
1a hai nghiém cta (1). Theo dinh li Viet, ta cé:

4(]'—m) m? —4m+1
X+ Xy =——2 XXy = ————
3 3

A’=m3+4m+l>0c{ ()

1 1 X+ Xy
Tir d6 ta co: —+——=~(x|+x2)c>¥
?\l X2 Xle

l-m=0 m=]
X|+X2:O
Q[ . P lmi-dm+1 & m=-l
X|Xp =2 —_— =
3 m=5,

1
:‘2‘(X1 + Xz)

Déi chiéu vai didu kién (2) suy ra c6 hai gia tri can timcitamlam=1vam=5
Nhan xét: Thi du trén 12 mot minh hoa cho tinh can thiét tim diéu kién dé cho
ham sb trude hét phai ¢ cuc tri. '
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Thidu4: Choy =%x2 —mx> +%.

Tim m dé dudng cong chi ¢é cuc tiéu ma khong cé cuc dai.
Giai
Tacdy = x— 2mx x(x —2m).
Khi m < 0 thi x>~ 2m > 0. Khi d6 ta c6 bang bién thién sau:
X 0 -
ya S 0 S 4

Y \ —

Ham s0 chi ¢é cuc tieu ma khong cé cuc dai.
Khi m>0, ta ¢ bang bién thién sau:

X 2m 0 —v2m

y’ - 0 + 0 - 0 +
Tir d6 suy ra loai truong hop nay vi ham sb ¢6 cuc dai va cuc tiéu.

Vay m <0 la gia trj cAn tim,
Thi du 5:

Cho ham sd y = %x3+(m—2)x2+(5m+4)x+3m +1

Tim m dé ham so6 dat cyc trj tai X, x5 sao cho x; <2 <x,.

Giai
Tacoy'=0 & x> +2(m-2)x+5m+4=0 (D.
Vay (1) ¢6 hai nghiém phén biét khi va chi khi
AN=m’-9m>0<m<0hoicm>9 (2).

Khi thoa méan (2) dudng cong dat cuc trl tai x;, X, la hai nghiém cda (1).

Pé thoa man diéu kiénx; <2 <x,,ta cin co:
(x2-2)2-x)>02(x+x2) - 2x;x2-4>0 3)

Tu dinh I| Viet véi (1), va (3) suy ra: 4(2 m)—(5m+4)-4>0<m<0(4)
4) suy ra m<0 14 c4c gid tri can tim ciia m.

Loai 2: Céc bai toan vé dudng thang ndi hai cyc tri:

Gia sir cho duong cong béc ba y = ax T bx’ T ox + d dat cuc tri tai 2 diém
Mi(x1; y1), Ma(x2; ¥2). Khi do dé viét phuong trinh duong thang di qua M|, My ¢6
hai cach nhu sau:

— Sir dung cong thirc quen biét cua hinh hoc giai tich viét phuong trinh duong
thang di qua hai diém M,, M,.

—Néug le y=Ax+Bla phan du trong phép chia cia y= ax + bx +cx +d
cho y’= 3ax’+ 2bx + c, thi y= Ax + B chinh la dudng thing can tim.

Thidul: (Dé thi tuyen smh Dgt hoc khoi A— 2002)

Cho duong congy = =’ + 3mx? + 3(1 — mH)x + m* — m* (C). Viét phuong
trinh duong thing di qua hai diém cuc trj cia (C).
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Giai
Tacdy’= -3x’ +6mx+3(] m?). Vithy’ =0 x*—2mx + m?— 1 =0(1).
Do A’=1>0 v6i moi m, nen (1) ludn c6 hai nghiém phén biét, tic 1a duong

cong ludn ¢ cuc dai va cuc tleu vOt moi m.
Dé thiy A = (m - 1; —m +3m-2)vaB(m+ 1;-m’+3m + 2),1a hai diém cuc
tri cta (C). Puong thing ndi A, B ¢6 dang:

y—(—m +3m—2) ~ x-f(m—l)
~m? +3m+2—(—m2 +3m~2) m+1-(m-1)
Thi du 2:
Cho dudng cong bac bay = 5x° + 7x*~ 9x + 1 (C)
Viét phuong trinh dudng thang di qua cyc dai, cuc tidu ciia ©)

Giai
Tacdy'=0< 1557+ 14x-9=0 (1)

&y = 2x-m*+m.

. , c
Do (1) chac chan c6 hai nghiém phan biét (do —= —]~95—< 0), nén (C) ¢6 cuc
a

dai, cuc tiéu.
Ap dung phép chia da thirc y = 5x* + 7x*~ 9x + 1 cho y’=15x"+ 14x- 9 ta ¢6:

5X3+ 7X2"9X +1= (15X3+]4X—9) 8co53(x +§j:cos3x.

18 . s
Vi =—-——X - — la duodng thiang can tim!
YT & thang

~7+-/284

15

Viée tim y,, Y2 la qua phuc tap, do d6 phuong phéap su dung cong thitc cua
hinh hoc giai tich dé viét phuong trinh duong thing qua A, B & day s€& qua phuc tap

(vé mit tinh toan)
Thi du 3:

Nhdn xét: Trong thi dy trén, (1) c6 hai nghiém: X=

Cho ham sb y =% X —mx—x+m+1 (Cp). Tim m dé khoang céch giita cac

diém cuc trj cia ham sb 1a nhoé nhét.
Tacdy’=x’-2mx — 1 Vi thé Yy =0ox-2mx-1=0(1)
Tir (1) suy ra n6 c6 hai nghi¢m phan biét véi moi m, tirc 1a v6i moi m thi (C,,)
luén ¢6 cuc tri. Thuce hién phép chiay cho y’ ta cé: :
1

lx“—mxz—x+ m+ 1 =(x*~2mx - l)(lx——mj—z(mz+l)x+2m+1.
3 3 3 3 3

Vay y= ~§(m2 + l)x +§m +11a dudng thing ndi hai cyc tri A, B cia (Cy),
0 day:
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A= (xl;—§(|n2+l)xl +§m+]) B= (xz;—é(n +l) 2+§m+1)

trong d6 x,, X, 1a hai nghiém caa (1).
Ta c6: ‘

AB? = (x; -, + 2 +1)(x2 1) =2 x,)[ (w? +1)+1} |
=[(x]+x2)2—4xlx2}li%(m2+l)+l} (4m? +4)(-9—mz+€) @)

(do x;+x; = 2m; X)X, = —1 theo dinh 1i Viet)

Tir (2) suy ra min AB = —5\/6 <o m=0.

§3. BAI TOAN VE SU TUONG GIAO CUA HAM PA THUC

Bai toan tuong giao cua cac dudng cong voi duong thang va giita cac duong
cong v&i nhau 1a mdt 16p quan trong trong cac bai toan vé ham sb. Noi dung cua
bai toan nay c6 dang chung nhu sau: Cho céc duc‘)ng cong (hoic dudng, thing)
y= f(x) vay = g(x) thuong chira tham s6. Tim diéu kién dé chung cat nhau va cic
giao diém cia chung théa man mot didu kién cho trude nao ddy. Ta biét rang hoanh
d6 cac giao diém la nghiém ctia phuong trinh f(x) = g(x) (1).

Vi thé bai toan vé su tuong giao cua cac dudng va viéc khao sat phuong trinh
(1) ¢6 lién quan mat thiét véi nhau. Bai toan nay dugc giai dua vao bai toan kia.

Dudi day chiing t6i s& trinh bay cac dang toan co ban cua l6p céc bai toan nay.

Loai 1: Doan truéc mét giao diém cia cac dudng:

Cho hai duong cong da thirc y = f(x) , y = g(x) (ma mdt trong chiing ¢ thé 1a
dudng thing). Hoanh d giao diém ctia hai duong théng la nghiém ctia phuohg trinh:

f) = 206 (1) ‘

Ta chi quan tdm khi (1) 1a phuong trinh c6 bac 16n hon hodc bang 3.

Néu nhu bénz, cach ndo d6.co thé biét trudec mot nghiém x, cha no, thi (1) co
thé ha bac bang cach dem f(x) —g(x) chia cho x—x.

" Khi dy (1) & (xxo)h(x) = 0 (2),

& day bac cta phuong trinh h(x) = 0 giam di 1 so voi (1).

Ta sé trinh bay cach xac dinh x, thong qua mot s thi du sau day.

Thidu 2: (Dé thi tuyén sinh Dai hoc khéi D - 2008).

Cho dudng cong y = x* - 3x> + 4 (C) va diém 1(1; 2). Chimg minh rang moi
duong théng qua | vdi hé sb goc k> -3 déu cét_ (C) tai ba diém phéan biét A, B, |
sao cho I 1a trung diém ctia AB.
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Giai
Duomg thing d qua I véi hé sb goc ckco dang: y = k(x - 1) + 2, Sé giao diém
cuad véi (C) la nghlem cua phuong trinh: -
X = 3x+ 4 =k(x - l)+2c>(x-— D(x*=2x -2 - ky=0(1)
A=k+3>0khik>-3vax’-2x-2- k nhén gia tri —k + 3 # 0 khi x =1,
nén (1) c6 ba nghiém phén biét.
Ba giao diém cia d véi (C) la A, 1, B trong d6 A,B twong itng c¢6 hoanh dd x,,
Xz 1 nghiém cua phuong trinh x>- 2x -2 —k = 0.
Theo dinh li Viet, ta co X(+x;=2=2x; = [latrung diém cta AB = dpem.
Thi du 3: (Pé thi tuyén smlt Dgu hoc khéi A - -2002)
Cho dudng cong y= —x* + 3x’ (C) va dudng thing y = -k* + 3k Tim k dé
chiing cit nhau tai ba diém phén biét.
Giai :
Xét phuong trinh: —x* + 3x? = —k* +3K H
S (X +K)+3(~ k) =0 = (x—K)[x*+ x(k - 3) + k2= 3k] =0

x =k (2)
& 5 ,
f(\()—x +x(k 3)+k*-3k=0 (3)
Tir d6 suy ra (1) c6 ba nghi¢m phan biét khi va chi khi (3) ¢6 hai nghiém phan
bi€t khac k, tirc 1a khi va chi khi

A>0 k?-2k-3<0 [-1<k<3
<> <>
f(k)=0 k2 -2k 20 k#0k #2.

(4) la tap hqp gia trj can tim coa k.

Thidu 4: (Dé thi tuyéll sinh Pai hoc khéi D — 2009)

Cho duong congy = x'~(3m+2)x*+3m (Cu). Tim m dé dudng thing y = -1
cit (Cy) tai bdn diém phan biét c6 hoanh dé nho hon 2.

Giai

Puong thing y = -1 va y = x ~(3m+ 2)x + 3m cat nhau tai bén diém phéan
biét khi va chi khi phuong trinh: x*—= 3m + 2)x*+ 3m = -1 (1) c6 bdn nghiém phén
biét. Diéu do xay ra khi va Chl khi phuong trinh

-~ (Gm+2)t+3m+ | =0(2)
c6 hai nghi¢m duong va bé hon 4.

“4)

t=1
2)e .
t=3m+1
L, 3m+1=#1 —l<m<l
Tir d6 suy ra:
0<3m+1<4
m#0.

D6 1a cac gia tri can tim cia m.

Thidu 5:

Cho duong congy =x'+ 2(m Dx*+ (m*= 4m +hx-2(m*+ 1) (Cy). Timm
dé (C,,) cét truc hoanh tai ba diém phén biét c6 hoanh d6 nhoé hon 3.

297




Giai
S giao dlem cua (Cm) v6i truc hoanh bang s& nghlc;m cua phuong trinh

x> +2(m—1)x +(m*—4m + Dx - 2(m +1)=90 (n
Co thé thay mot nghlem cua (1) laxo— 2. Tir d6 ta cé:
Hhe(x-2 )[x +2mx - (m + 1]=0. (2)

Tir (2) suy ra (1) co ba nghlem phén biét c6 hoanh d6 nhé hon 3 khi va chi khi
phuong trinh f(x) = X4+2mx-m=1=0Q3) co hai nghiém phén biét x,, x; khac 2
sao cho x1< X< 3.

Piéu d6 xdy ra khi va chi kh1
2

A =m +m +]>0 9—3(X1+X2)+xle >0 (4)
(3-x,)(3-%,) >0 '

S IX|+X, <6 (5)
X]+XZ<6 2
£(2)#0 -m°+4m+3#0 (6)

Thay x,-+x;= ~2m; XX, =—m’— | vao hé (4)(5)(6), ta di dén:
3- \/1_’7 <m<3+ \/ﬁ
m#2z* \ﬁ

I_Q'S_Mc gi4 tri can tim clia m.
Loai 2: Str dung dd thj cha ham so0 y = f(x) d€ bién luén phuong trinh f(x) = m.

Pay 1a m¢t trong nhitng phucmg phap hay dung de khao sat cac bai toan ve
tinh glao nhau cua cac ducmg, nhét 1a cac bal toan llen quan chat ché dén db thi cta
hamso y = f(x) (chu y ring cic bai toan vé ham sb & cau | thuong 12 bat vé db thi
hamsby = f(x))

Céc kién thirc hay dung trong muc nay 1a hai phep bién dbi db thi sau:

— Biét db thi ham so y = f(x) suy ra dd thi ham so y = [f(x)!.

— Biét db thj ham sb y = f(x) suy ra dd thi ham s y = f(lx|).

Xem cac hinh v€ sau:

y
y=f(x) y=|f (x))

(N /.. A Da

y

\ /\ x
T

(Xem lai SGK dai s6 10)
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2/ Ta c6: 2)x) = 9x*+ 12)x| =m(1) & 2/x -9x* +12]x| -4 =m - 4 (2)

Tir db thi (xem hinh 2) y = 2|x> = 9x* + 12|x| — 4 suy ra (2) (tic 1a (1)) c6 6
nghiém phin biét <& 0<m-4<l<<4<m<5.

|Logi 3: Bai toan tim giao diém khi tham s6 m & dang béc nhat: |

Gia sir bai toan tim giao diém cua duong cong quy vé tim nghiém phuong
trinh:

Cfx=gx) . (1) ,
trong d6 (1) khong nham dugc nghiém va tham so m trong (1) c6 dang béc nhat
(tirc la trong (1) khong chira m?, m*...) khi d6 dé dang quy (1) vé dang:

F(x)=m 2), '
¢ day F(x) la ham sb phan thuec. Bang cach lap bang bién thién cia F(x), ta dé dang
hon trong viéc bién luan sb nghiém cta (2), va tir d6 suy ra cac két luan ddi voi 1.
Thidul: ,
Cho dudng cong y=x"- 3x* — 3mx + 3m (C,,). Tim m dé (C,,) va dudng thing
d:y=-3x-1 cht nhau tai ba diém phan biét x|, x2,x3sao cho x; <1 <x;<2 <Xx;.

Xét phuong trinh: x* - 3x*— 3mx + 3m = -3x — | )
Tacé ()= x'=3x*+3x+ 1 =3m(x-1) )
Vi x = 1 khong phai la nghiém ctia (2) véi moi m (khi thay x = 1 vao vé tréi ta

x> —3x2 +3x+1

3(x—])

thay n6 bang 2). Do dé: (2) < f(x)= 3).

2(x —2)()(2 —x+l)

D& thay f(x) = 5 , nén cb bang bién thién sau:
3(x-1)
X 1 2
f(x) - - 0 +
f(x) | +oo~ +00 +00

Tur d6 suy ra (3) c6 ba nghiém phan biét x,, X,, X3 thod mén x, <1 <x,<2 khi
va chi khi m>1. D¢ ciing chinh 1 cac gia tri cin tim ciia m.

Thidu2:

Tim m d& dudng cong y = x* va y = mx’— m cét nhau tai 3 diém phan bi¢t.

cre 1t s . , A x s 3J3 . 33, ., .
Giai hoan toan nhu thi du trén va cé m <——5— hodc m >T\/_ la céc gia tri can

tim cia tham s6 m.
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BAI TAP TU GIAI

Bai 1:
Cho dudng congy = x*v 2x>+4x - 1. Viét phuong trinh tiép tuyén véi dudng

cong trén, biét rang tiép tuyén vuong goc véi dudng thang y = —% x+3.
Pdp so:y=4x—1vay=4x-2.

Bai 2:

Cho dudng cong y = 2%+ 3x — 12x = 1 (C). Tim diém M thudc (C) sao cho
tiép tuyén cta (C) tai M thi qua gbc toa do.

Ddp 0. M(-1: 12).

Bai 3:
Viét phuong trinh tiép tuyén voi dudng cong y = %x3 ~2x%+ x - 4, biét ring
tiép tuyén tao véi dudng thingy = 3x + 7 gbc 45°,
Pap s6: C6 4 tiép tuyén y = -2x — g sy =-2x—4;
1 38+9V6 . g ! 16446

2 6 2 6
Bai 4:

Cho dudong congy = %x“ -3x% 4 % (C). Viét phuong trinh tiép tuyén voi (C),
biét rang tiép tuyén di qua diém A(0; %).
Ddp s6: y=-;~;y=—2 2x +%;y =2+/2x +%.

Bai 5:
Cho dudng cong y = X’ — 12x + 12 (C). Tim trén dudng thing y = — 4 cac
diém M sao cho qua M vé& duoc ba tiép tuyen v6i (C).

Ddp s6: M =(a;0) v6i a <—4 hoic o> g (vaa#2).
Bai 6:
Cho duong cong yzg-x3 ~2(1-sina)x? - (1+cos2a)x +1(C). Tim o dé

(C) ¢6 cye trj tai x;, X3 sao cho x; +2x,= 1

Ddp $6: sinat —%
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Bai 7:

Cho dudng cong y =t;—mx3 —(m-1)x? +3(m—-2)x+—;—. Tim m dé dudng
cong dat cuc tri tai Xy, X, sao cho x; +2x,=1 .

desé': m =2 hogcm= —_3’—

Bai 8:

Choy =%x3 +(m+3)x%4(m+3)x+2m 5. Tim m dé dudng cong dat cuc
tri tai X, X sao cho x; <x;<3.

Pdp s6: m>1 hoic -% <m<-3.

Bai 9:

Cho dudng cong y= X' —2mx? + 2m* =~ x + m(1 — m?) (C,,). Tim m dé (Cun)
cit tryc hoanh tai ba diém phén biét ¢ hoanh d6 16n hon 1.

Pdp s6: m> 2.

Bai 10:

Cho duomg congy = x>+ 3mx’~ 3x + 3m + 2 (Ch). T1m m dé (Cm) cit tryc
hoanh tai ba diém phan biét ¢6 hoanh d0 x,, x,, X3 sao cho x;° + x,> + x3° = 15,

- Ddpsé: m=+1.
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